
http://cambridge.org/0521642639


This page intentionally left blank



CAMBRIDGE TRACTS IN MATHEMATICS

General Editors

B. BOLLOBAS, F. KIRWAN, P. SARN AK, C. T. C. WALL

132 Character Sums with Exponential
Functions and their Applications





Sergei V. Konyagin Igor E. Shparlinski

Moscow State University Macquarie University

Character Sums with Exponential
Functions and their Applications



         
The Pitt Building, Trumpington Street, Cambridge, United Kingdom

  
The Edinburgh Building, Cambridge CB2 2RU, UK
40 West 20th Street, New York, NY 10011-4211, USA
477 Williamstown Road, Port Melbourne, VIC 3207, Australia
Ruiz de Alarcón 13, 28014 Madrid, Spain
Dock House, The Waterfront, Cape Town 8001, South Africa

http://www.cambridge.org

First published in printed format 

ISBN 0-521-64263-9 hardback
ISBN 0-511-04036-9 eBook

Cambridge University Press 2004

1999

(netLibrary)

©



Contents

Preface page vii
Acknowledgement viii

Part one: Preliminaries 1
1 Introduction 3
2 Notation and Auxiliary Results 8

Part two: Bounds of Character Sums 11
3 Bounds of Long Character Sums 13
4 Bounds of Short Character Sums 26
5 Bounds of Character Sums for Almost All Moduli 31
6 Bounds of Gaussian Sums 37

Part three: Multiplicative Translations of Sets 47
7 Multiplicative Translations of Subgroups of F∗

p 49
8 Multiplicative Translations of Arbitrary Sets Modulo p 59

Part four: Applications to Algebraic Number Fields 63
9 Representatives of Residue Classes 65

10 Cyclotomic Fields and Gaussian Periods 76
Part five: Applications to Pseudo-Random Number Generators 89

11 Prediction of Pseudo-Random Number Generators 91
12 Congruential Pseudo-Random Number Generators 99

Part six: Applications to Finite Fields 107
13 Small mth Roots Modulo p 109
14 Supersingular Hyperelliptic Curves 115
15 Distribution of Powers of Primitive Roots 131

Part seven: Applications to Coding Theory and Combinatorics 141
16 Difference Sets in Vp 143
17 Dimension of BCH Codes 148
18 An Enumeration Problem in Finite Fields 154
Bibliography 157
Index 163

v





Preface

In this book, we consider various questions related to the distribution of
integer powers gx of some integer g > 1 modulo a prime number p with
gcd(g, p) = 1. Possible applications where such results play a central role
include, but are not limited to, linear congruential pseudo-random number
generators, algebraic number theory, the theory of function fields over a finite
field, complexity theory, cryptography, and coding theory.

We also consider similar questions in a more general setting related to the
distribution of elements of a finitely generated multiplicative group V with r
generators in an algebraic number field K of degree n over Q modulo an integer
ideal q.
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Introduction

The main subject of this book can be described as a study of various properties
of the distribution of integer powers gx of some integer g > 1 modulo a prime
number p with gcd(g, p) = 1. We are also interested in applications of such
results to various problems. In particular, we consider several well-known
problems from algebraic number theory, the theory of function fields over a
finite field, complexity theory, the theory of linear congruential pseudo-random
number generators, cryptography, and coding theory.

To describe more precisely the type of questions which we study in this
book and which arise in the aforementioned applications, let us denote by t the
multiplicative order modulo p of an integer g > 1 with gcd(g, p) = 1.

For (a, p) = 1, 1 ≤ N ≤ t , 0 ≤ M < p, 1 ≤ H ≤ p, we denote by
Ta(N , M, H) the number of solutions of

agx ≡ M + u (mod p), 1 ≤ x ≤ N , 1 ≤ u ≤ H.

Typically, the aforementioned problems lead to one of the following ques-
tions about the distribution of residues of an exponential function.

• What is the largest value of |Ta(N , M, H) − N H/p| over all a = 1, . . . ,
p − 1 and M = 0, . . . , p − 1?

• What are the restrictions on N and H , under which Ta(N , M, H) > 0 for
every M?

• For how many integers i , 0 ≤ i ≤ p/H − 1, is Ta(N , i H, H) > 0?

• What is the largest value of H (as a function of N ) for which
Ta(N , M, H) = 0 for some M?

• What is the smallest value of H (as a function of N ) for which
Ta(N , M, H) = N for some M?

3



4 Preliminaries

These questions may be asked:

• for all a ∈ F∗
p;

• for some special a, say a = 1;
• for ‘almost all’ a ∈ F∗

p;
• for at least one ‘good’ a ∈ F∗

p;
and in several other cases.

Similar questions can be considered modulo composite numbers and, even
more generally, for finitely generated multiplicative groups of algebraic num-
ber fields which are reduced modulo an integer ideal of that field.

Looking at the subjects that interest us, it should not be a big surprise that
our main tool is various bounds for character sums. Thus we start this book
with a collection of known relevant bounds as well as several new ones. In
particular, we obtain new bounds of Gaussian sums. Indeed, it is easy to see
that many questions about the distribution of gx modulo p are equivalent to
similar questions about the distribution of the xn modulo p, where n = (p −
1)/t , and this leads to Gaussian sums. Certainly the last subject is of great
independent interest and we consider this topic as well. Then we present a
series of new results on the structure of multiplicative shifts of multiplicative
subgroups and arbitrary subsets of F∗

p. In subsequent chapters, we give a wide
spectrum of applications of these basic results.

As we have mentioned, studying the distribution of residues gx modulo p is
our central interest and is most important for the majority of our applications.
Nevertheless, in some cases we need to consider the more general situation
with finitely generated groups in algebraic number fields. This is why we
formulate our main results concerning bounds of exponential sums in terms
of such groups (even if the actual result is applicable only to the gx (mod p)).
The reader who is not interested in applications to algebraic number fields may
always assume that ‘integer ideal’ means ‘integer’, ‘prime ideal’ means ‘prime
number’, ‘algebraic number field K ’ means just ‘field of rationals Q’, finitely
generated groups have rational integer generators, and so on.

There are also some technical reasons to work in a more general setting for
arbitrary algebraic number fields. In fact, some of our results are proved (and
formulated, of course) for the basic case of gx (mod p). Nevertheless, we
believe they hold in the full generality. Obtaining such generalizations would
be very important for a number of applications. In particular, we believe that
in many of our statements, the words ‘let p be a prime ideal of first degree’
(which essentially refer to the distribution modulo p) can be simplified to just
‘let p be a prime ideal’. We should remark that, as far as we can see, such
generalizations will not be simple exercises but will require some new ideas.
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In fact we hope that such new ideas could turn out to be useful for obtaining
further results about the distribution of gx modulo p as well.

Let K be an algebraic number field of degree n over the field of rational
numbers Q, and let ZK be its ring of integers. For an integer ideal q, we denote
by 
q the residue ring modulo q and by 
∗

q the multiplicative group of units
of this ring.

Given a finitely generated multiplicative group V of K

V = {λx1
1 . . . λxr

r : x1, . . . , xr ∈ Z},
we denote its reduction modulo q by Vq. We shall always suppose that the
generators λ1, . . . , λr are multiplicatively independent.

There are a great many results on the behavior of groups V in K [29, 30, 13].
Here we concentrate on their reductions Vq. In the simplest, but probably the
most important case, when K = Q and r = 1, this is a classical question about
the distribution of residues of an exponential function equivalent to considering
the quality of the linear congruential pseudo-random number generator [37, 67,
69]. We shall consider this and other applications which rely on results which
are not so widely known concerning the distribution of Vq in 
q.

As we have mentioned, in many situations it is enough to study the case
K = Q, r = 1 and moreover q = p is a rational prime number.

Such applications include but are not limited to:

• Egami’s question about smallest norm representatives of the residue classes
modulo q and Euclid’s algorithm [12, 79];

• Prediction of the 1/M-pseudo-random number generator of Blum, Blum,
and Shub [6] and the linear congruential generator [16];

• Girstmair’s problem about the relative class number of subfields of cyclo-
tomic fields [20, 21, 22] and Myerson’s problem about Gaussian
periods [62, 63];

• Kodama’s question about supersingular hyperelliptic curves [64, 68, 92, 93];
• Tompa’s question about lower bounds for the QuickSort algorithm using a

linear congruential pseudo-random number generator [36, 90];
• Lenstra’s constants modulo q and Győry’s arithmetical graphs [29, 30, 48,

49, 65, 70];
• Estimating the dimension of BCH codes [5, 54];
• Robinson’s question about small mth roots modulo p [75];
• Håstad, Lagarias, and Odlyzko’s question about the average value of small-

est elements in multiplicative translations of sets modulo p [31];
• Niederreiter’s problem about the multiplier of linear congruential pseudo-

random number generators [67, 69];
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• Stechkin’s question about the constant in the estimate of Gaussian sums with
arbitrary denominators [86];

• Odlyzko and Stanley’s problem about 0, 1-solutions of a certain congruence
modulo p [71].

It is easy to extend the list of problems which are related to questions on the
distribution or residues of finitely generated groups. As an example, we note
papers [9, 23] where links to the weight distribution of arithmetic codes are
displayed.

Another example is paper [51] where some properties of finitely generated
groups were used to study certain algebraic questions. All these properties
(combinations of Artin’s conjecture and Tchebotarev’s density theorem) were
established (under the Extended Riemann Hypothesis, of course) in [60] which
was motivated by [51].

Many other problems about the minimal polynomials of Gaussian periods
(over rationals as well as over finite fields) are considered in [19, 24, 25, 26, 27,
28]. We also refer to [88, 89] for good expositions of various basic properties
of Gaussian periods and related questions. Perhaps the methods of the present
book can be applied to some of them. Indeed, in Chapter 10 we consider
the problem about the norm of Gaussian periods. A more general question of
computing their minimal polynomials is of great interest too (for details see
the papers above). It turns out that several higher coefficients can be expressed
in terms of the numbers R(k, t, p), k = 1, 2, . . . , of solutions of the equations

g1 + · · · + gk = 0, g1, . . . , gk ∈ Gt ,

(we follow the notation of Chapter 10). Thus using various bounds of
exponential sums, one can estimate (or even find an asymptotic formula for)
T (k, t, p) and then apply them to studying higher coefficients.

Of course any improvement of bounds of exponential sums used in this
book would entail further progress in this area. The same is true for any
improvement of Lemma 9.7.

Also, many questions about the distribution of residues of multiplicative
groups can be reformulated in the dual form as questions about the distribution
of indices and therefore bounds of multiplicative character sums, including the
celebrated Burgess estimate, can be used. For example, see the remarks made
in Chapter 15 and Chapter 7, and another example of using character sums in
this kind of question is given in [23].

Generally, we do not try to extract all possible results accessible by our
methods, nor do we try to get the best possible values of some (important)
constants. Rather, we attempt to demonstrate different approaches from
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various areas of mathematics in one attack on certain problems. One of
the examples is Theorem 6.7 which is based on some delicate combinations
of tools from mathematical analysis, geometry of numbers, and algebraic
geometry. We pose several problems of different levels of difficulty. Some
of them can probably be solved within the framework of this book, others will
require some radically new ideas (although in general we try to avoid posing
hopeless problems). We would like to believe that this book will stimulate
further research in this very important and mathematically attractive area.

Finally, we stress that it would be interesting to consider similar questions
for some other groups, say for finitely generated matrix groups, for groups of
points on elliptic curves, or for finitely generated groups in function fields.



2

Notation and Auxiliary Results

Here we collect some notation and useful facts which we use repeatedly
throughout this book.

We denote by log x the binary logarithm of x and by ln x the natural
logarithm of x .

Several of our estimates include iterations of logarithmic functions and do
not make any sense for some values of arguments. To save space and avoid
using expressions like log max{2, log max{2, k}}, we define

Log x = max{2, log x}, Ln x = max{2, ln x}.
For a complex z ∈ C, we denote by �z its real part.
For a prime number p and an integer a �= 0, we denote by ordp a the p-adic

order of a, that is the largest power of p which divides a.
For brevity, we set

e(z) = exp(2π i z).

As usual, π(x) denotes the number of prime numbers which do not exceed
x and π(x, k, l) denotes the number of primes which do not exceed x and are
congruent to l modulo k.

We also make use of the following estimates:

k − 1 ≥ ϕ(k) � k

Ln ln k
, ω(k) � ln k

Ln ln k
,

where ϕ(k) is the Euler function and ω(k) is the number of prime divisors of
integer k ≥ 2, and

τ(k) ≤ exp

(
(ln 2 + o(1))

ln k

ln ln k

)
, k → ∞,

where τ(k) is the number of integer positive divisors of k ≥ 2.

8



2 Notation and Auxiliary Results 9

They easily follow from the Prime Number Theorem and can be found
in [74] and many other sources.

For an element ϑ of a ring R we define the multiplicative order of ϑ as the
smallest integer t > 0 for which ϑ t = 1, if such an integer exists, otherwise
the multiplicative order is undefined. It is easy to see that if R is a finite ring
and ϑ is not a zero divisor that the multiplicative order is always defined.

For an algebraic extension L of a field K, TrL/K(α) and NmL/K(α) denote
the trace and the norm of α ∈ L in K, respectively. That is,

TrL/K(α) =
s∑

i=1

σi (α) and NmL/K(α) =
s∏

i=1

σi (α),

where σi , i = 1, . . . , s, are distinct embeddings of L into the algebraic closure
of K, s = [L : K]. It is easy to verify that for a chain of extensions F ⊆ K ⊆ L

we have

TrL/F(α) = TrL/K

(
TrK/F(α)

)
and

NmL/F(α) = NmL/K

(
NmK/F(α)

)
.

Let K be an algebraic number field of degree n over the field of rational
numbers Q. We denote by ZK the ring of integers of K, that is the ring of
elements of K whose minimal polynomial over Q is monic.

For an integer ideal q, we denote by 
q the residue ring modulo q and
by 
∗

q the multiplicative group of units of this ring. It is well known that
|
q| = Nm(q) and actually this can be taken as a definition of Nm(q).

For any prime ideal p, Nm(p) = pd for some prime p and integer d, 1 ≤
d ≤ n, which is called the degree of p.

If p is a prime ideal of degree d then 
p � Fpd , a finite field of pd = Nm(p)

elements.
It is easy to see that p|p in ZK. The ideal p is called ramified if p2|p and

unramified otherwise.
If p is an unramified prime ideal of first degree then 
pk � Z/(pk) where

p = Nm(p).
We also have |
∗

q| = ϕ(q), where ϕ(q) is the Euler function in ZK, which
has properties very similar to these of the Euler function in Z. For example, it
is multiplicative and

ϕ(pr ) = Nm(p)r−1 (Nm(p) − 1)

for any prime ideal power pr .
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The residue ring 
q has Nm(q) additive characters χ which are functions
χ : 
q → C such that

χ(z1 + z2) = χ(z1)χ(z2) and |χ(z)| = 1

for any z1, z2, z ∈ 
q. The character χ0 with χ0(z) = 1, z = 
q is called
trivial. Multiplicative characters are defined in a similar way with respect to
the group 
∗

q.
For a rational integer q the corresponding characters are of the form χa(z) =

e(az/q) for a = 0, . . . , q − 1. For a prime ideal p of norm Nm(p) = pd the
characters of 
p are of the form

χa(z) = e
(
TrK/Q(az)/p

)
, a ∈ 
p.

In both cases a = 0 corresponds to the trivial character.
Finally we mention two our very frequently used tools. The first one is the

Cauchy inequality

N∑
i=1

Ai Bi ≤
(

N∑
i=1

Aα
i

)1/α ( N∑
i=1

Bβ
i

)1/β

which holds for any two sequences of positive numbers Ai , Bi , i = 1, . . . , N
and any positive α, β with α−1 + β−1 = 1.

The second one is the Hadamard inequality

|det A|2 ≤
N∏

i=1

N∑
j=1

|ai j |2

for the determinant of a matrix A = (
ai j
)N

i, j=1 with complex elements.
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3

Bounds of Long Character Sums

Here we present estimates of character sums with sufficiently many terms.
Given a primitive additive character χ of the ring 
q, we define the sum of

kth powers and the largest value of the following character sums:

σk(q, V ) =
∑
α∈
q

∣∣∣∣∣∑
v∈Vq

χ(αv)

∣∣∣∣∣
k

, S(q, V ) = max
α∈
∗

q

∣∣∣∣∣∑
v∈Vq

χ(αv)

∣∣∣∣∣,
noting that this definition does not, of course, depend on the choice of the
character χ .

For a group V and an integer ideal q, let us denote by Tk(q, V ) the number
of solutions of the congruence

v1 + · · · + vk ≡ u1 + · · · + uk (mod q), v1, u1, . . . , vk, uk ∈ Vq.

Obviously, for any integer ideal q, we have

T1(q, V ) = |Vq|. (3.1)

We also denote by Nk(a, q, V ) the number of solutions of the congruence

v1 + · · · + vk ≡ a (mod q), v1, . . . , vk ∈ Vq.

These quantities play the crucial role in our estimates of character sums. In
particular, we repeatedly use the following evident identities:∑

a∈
q

Nk(a, q, V ) = |Vq|k,
∑

a∈
q

Nk(a, q, V )2 = Tk(q, V ). (3.2)

Very often we use the following basic feature of primitive characters. For
any β ∈ 
q, ∑

α∈
q

χ(αβ) =
{

0, if β �= 0;
Nm(q), if β = 0.

(3.3)

13



14 Bounds of Character Sums

In particular, for any set M , we have

∑
α∈
q

∣∣∣∣∣∑
µ∈M

χ(αµ)

∣∣∣∣∣
2k

= Nm(q)Q2k(M), (3.4)

where Q2k(M) is the number of solutions of the congruence

µ1 + · · · + µk ≡ µk+1 + · · · + µ2k (mod q), µ1, . . . , µ2k ∈ M.

The results of this chapter will be mainly used as bounds on exponential
sums with exponential functions. Because of this and because it can be useful
for readers who are not familiar with algebraic number fields and are interested
only in our results for the field of rational numbers we present the above
definitions and identities for that particular case. Later we will formulate our
main results in this form as well.

Let p be prime and let g be an integer with gcd(g, p) = 1. Denote by t the
multiplicative order of g modulo p, and let V = {1, g, . . . , gt−1}. Then the
definitions of σk(q, V ) and S(q, V ) can be rewritten as

σk(p, V ) =
∑

a∈Fp

∣∣∣∣∣∑
v∈V

e(av/p)

∣∣∣∣∣
k

, S(p, V ) = max
a∈F∗

p

∣∣∣∣∣∑
v∈V

e(av/p)

∣∣∣∣∣ .
Tk(p, V ) is the number of solutions of the congruence

v1 + · · · + vk ≡ u1 + · · · + uk (mod p), v1, u1, . . . , vk, uk ∈ V,

and Nk(a, p, V ) is the number of solutions of the congruence

v1 + · · · + vk ≡ a (mod p), v1, . . . , vk ∈ V .

Then the identities (3.1), (3.2), (3.3) and (3.4) take the form:

T1(p, V ) = |V |,∑
a∈Fp

Nk(a, p, V ) = |V |k,
∑

a∈Fp

Nk(a, p, V )2 = Tk(p, V ),

∑
a∈Fp

e(ab/p) =
{

0, if b �≡ 0 (mod p);
p, if b ≡ 0 (mod p);

and ∑
a∈Fp

∣∣∣∣∣∑
m∈M

e(am/p)

∣∣∣∣∣
2k

= pQ2k(M),
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where M ⊂ Fp and Q2k(M) is the number of solutions of the congruence

m1 + · · · + mk ≡ mk+1 + · · · + m2k (mod p), m1, . . . ,m2k ∈ M.

Besides those estimates above, we repeatedly use the following elementary
inequalities which are essentially Exercises 11b and 11c in Chapter 3 of [91].

The first one is∣∣∣∣∣ ∑
h1≤y<h2

e(ay/m)

∣∣∣∣∣ � min{h2 − h1, m/|a|} (3.5)

and it holds for any integers h1, h2 and 0 ≤ |a| < m/2. From this inequality,
one easily derives that

m−1∑
a=1

∣∣∣∣∣ ∑
h1≤y<h2

e(ay/m)

∣∣∣∣∣ = ∑
−m/2≤a≤(m−1)/2

∣∣∣∣∣ ∑
h1≤y<h2

e(ay/m)

∣∣∣∣∣ � m ln m

(3.6)
for any integers h1, h2 with m ≥ h2 − h1 ≥ 0. Actually h1, h2 can even be
any functions of a.

We repeatedly use the identities (3.3), (3.4) and the inequalities (3.5), (3.6)
throughout this book (the identity (3.4) usually, but not always, with k = 1).

In particular, from the identity (3.4), one can see that

σ2k(q, V ) = Nm(q)Tk(q, V ).

We use this equation (and similar ones) in many places. For instance, in the
proof of the following statement.

Lemma 3.1. For any integer k ≥ 1, the inequalities

(i) S(q, V ) ≤ (
Nm(q)Tk(q, V )/|Vq|

)1/2k
,

(ii) S(q, V ) ≤ Nm(q)1/2k2
Tk(q, V )1/k2 |Vq|1−2/k ,

hold.

Proof Taking into account that Nk(a, q, V ) = Nk(av, q, V ) for any v ∈ Vq,
we obtain∑

v∈Vq

χ(αv)

k

=
∑

a∈
q

Nk(a, q, V ) χ(αa)

= 1

|Vq|
∑

a∈
q

Nk(a, q, V )
∑
v∈Vq

χ(αav).
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Let l ≥ 1 be an integer. Now, from the identities (3.2), we derive∣∣∣∣∣∑
v∈Vq

χ(αv)

∣∣∣∣∣
2kl

≤ 1

|Vq|2l

∑
a∈
q

Nk(a, q, V )2l/(2l−1)

2l−1 ∑
a∈
q

∣∣∣∣∣∣
∑
v∈Vq

χ(αav)

∣∣∣∣∣∣
2l

= Nm(q)Tl(q, V )

|Vq|2l

∑
a∈
q

Nk(a, q, V )2l/(2l−1)

2l−1

≤ Nm(q)Tl(q, V )

|Vq|2l

∑
a∈
q

Nk(a, q, V )

2l−2 ∑
a∈
q

Nk(a, q, V )2

= Nm(q)Tk(q, V )Tl(q, V )|Vq|2kl−2k−2l .

Therefore

S(q, V ) ≤ Nm(q)1/2kl Tk(q, V )1/2kl Tl(q, V )1/2kl |Vq|1−1/k−1/ l . (3.7)

Selecting l = 1 and using (3.1), we obtain the first bound. Selecting l = k, we
obtain the second bound.

Although we have proved a more general bound (3.7), for all applications,
only the two partial cases, given in Lemma 3.1, are important.

The following lemma is a generalization of the bound of [17] on the number
of rational points on the Fermat curve xn + yn = a over a prime finite field
which improves the Weil bound. It is shown in [33] that the same estimate (up
to the value of the constant) can be obtained by the elementary method (which
actually works for any field of characteristic p). In our notation, this result can
be formulated as follows.

For any prime ideal p of first degree with Nm(p) = p and such that

|Vp| < Nm(p) − 1

(Nm(p) − 1)1/4 + 1
,

the bound

N2(a, p, V ) ≤ 4|Vp|2/3 (3.8)

holds.
In fact here we present a more general statement, obtained by the method

of [33], which we then apply to prove stronger bounds of exponential sums
than those that can be derived from (3.8) alone.
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The bound (3.8) follows from that statement (up to the value of the constant)
provided that |Vp| satisfies a slightly stronger restriction, namely, |Vp| ≤
C Nm(p)3/4, where C is any positive constant with C < 2−1/4; in particular,
one can select C = 0.8.

Lemma 3.2. For any prime ideal p of first degree with Nm(p) = p, |Vp| = t ,
and for any positive integers B and s such that

B < t, t B ≤ p, s < B3/(2t), (3.9)

and any elements a1, . . . , as selected from pairwise distinct co-sets of the
subgroup Vp in 
∗

p, that is such that ai/a j �∈ Vp for 1 ≤ i < j ≤ s, the
bound

s∑
j=1

N2(a j , p, V ) ≤ 2t B

�t/B�

holds.

Proof Let A = D = �t/B�. We shall begin by taking a polynomial
�(X, Y, Z) ∈ Fp[X, Y, Z ], for which

degX� < A, degY � < B, degZ� < B.

For j = 1, . . . , s we define the sets

R j = {x : x ∈ Vp, a j − x ∈ Vp}
S j = {x : a j x ∈ Vp, a j − xa j ∈ Vp}.

We see that R j = a j S j , hence |R j | = |S j |, j = 1, . . . , s. By the condition on
a j , the sets S j are pairwise disjointed, j = 1, . . . , s. Therefore, if we put

S =
s⋃

j=1

S j ,

we obtain
s∑

j=1

N2(a j , p, V ) =
s∑

j=1

|R j | =
s∑

j=1

|S j | = |S|.

The underlying idea is then to arrange that the polynomial

�(X) = �(X, Xt , (1 − X)t )
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has a zero of order at least D, say, at each point x ∈ S. We will therefore be
able to conclude that

D
s∑

j=1

N2(a j , p, V ) ≤ deg�(X),

providing that � does not vanish identically. We note that

deg� ≤ degX � + t degY � + t degZ � ≤ A − 1 + 2t (B − 1),

whence

s∑
j=1

N2(a j , p, V ) ≤ (A − 1 + 2t (B − 1)) /D <
2t B

�t/B� ,

providing that � does not vanish.

In order for � to have a zero of multiplicity at least D at a point x , we need(
d

d X

)n

�(X)

∣∣∣∣
X=x

= 0 for n < D.

Since x �= 0, 1 for x ∈ S, this will be equivalent to

{X (1 − X)}n
(

d

d X

)n

�(X)

∣∣∣∣
X=x

= 0. (3.10)

We now observe that

Xm
(

d

d X

)m

Xu = u!

(u − m)!
Xu,

Xm
(

d

d X

)m

Xtv = (tv)!

(tv − m)!
Xtv,

(1 − X)m
(

d

d X

)m

(1 − X)tw = (−1)m (tw)!

(tw − m)!
(1 − X)tw.

It follows that

{X (1 − X)}k
(

d

d X

)k

Xu Xtv(1 − X)tw = Pk,u,v,w(X)Xtv(1 − X)tw
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where Pk,u,v,w(X) either vanishes or is a polynomial of degree at most k + u.
We therefore deduce that for any j = 1, . . . , s and any x ∈ S j , we have

{X (1 − X)}k
(

d

d X

)k

Xu Xtv(1 − X)tw

∣∣∣∣∣
X=x

= a−t (v+w)
j Pk,u,v,w(x)

because xt = (1 − x)t = a−t
j for x ∈ S j .

We now write

�(X, Y, Z) =
∑

u,v,w

λu,v,w XuY v Zw

and

Pk, j (X) =
∑

u,v,w

λu,v,wa−t (v+w)
j Pk,u,v,w(X),

so that deg Pk, j (X) < A + k and

{X (1 − X)}k
(

d

d X

)k

�(X, Xt , (1 − X)t )

∣∣∣∣∣
X=x

= Pk, j (x)

for any x ∈ S j . We shall arrange, by appropriate choice of the coefficients
λu,v,w, that Pk, j (X) vanishes identically for k < D. This will ensure
that (3.10) holds at every point x ∈ S. Each polynomial Pk, j (X) has at most
A + k ≤ A + D coefficients, which are linear forms in the original λu,v,w.
Thus if

s D(A + D) < AB2, (3.11)

there will be a set of coefficients λu,v,w, not all zero, for which the polynomials
Pk, j (X) vanish for all k < D. But, by (3.9),

s D(A + D) = 2s A2 ≤ 2s At/B < AB2,

and (3.11) holds.

We must now consider whether the polynomial �(X, Xt , (1− X)t ) can vanish
if �(X, Y, Z) does not. We shall write

�(X, Y, Z) =
∑
w

�w(X, Y )Zw,

and take w0 to be the smallest value of w for which �w(X, Y ) is not identically
zero. It follows that

�(X, Xt , (1 − X)t ) = (1 − X)tw0
∑

w0≤w<B

�w(X, Xt )(1 − X)t (w−w0),
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so that if �(X, Xt , (1 − X)t ) is identically zero, we must have

�w0(X, Xt ) ≡ 0 (mod (1 − X)t ). (3.12)

It is easy to see that if a polynomial f (X) ∈ Fp[X ] of degree deg f < p is a
sum of N ≥ 1 distinct monomials, then (1− X)N cannot divide f (X). Indeed,
it can be shown by induction on N . The case N = 1 is trivial. Now suppose
that N > 1 and let

f (X) =
∑
w

cw Xw

where w runs over N distinct values. Then the polynomial

g(X) = X f ′(X) − W f (X) =
∑
w

cw(w − W )Xw,

where W = deg f , contains exactly N − 1 terms. We then see that if (1 −
X)N divides f (X), then (1 − X)N−1 divides g(X) contrary to our induction
hypothesis.

We have

deg�w0(X, Xt ) ≤ A − 1 + t (B − 1) < t B.

Therefore the congruence (3.12) is impossible, providing that

AB ≤ t and t B ≤ p.

These inequalities hold by (3.9), which gives the desired result.

It is not difficult to check that for sufficiently large t with t ≤ 0.8p3/4,
B = ⌊

(2t)1/3
⌋ + 1, and s = 1, the conditions (3.9) hold and we get the

estimate (3.8) up to the value of the constant.
Now we can prove the following version of the corresponding statement

from [33].

Lemma 3.3. For any prime ideal p of first degree with Nm(p) = p and such
that

|Vp| < 0.7(Nm(p))2/3,

the bound

T2(p, V ) � |Vp|5/2

holds.
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Proof Let t = |Vp| and n = (p − 1)/t . Let a1, . . . , an be representatives of
the distinct co-sets of the subgroup Vp in 
∗

p. We assume that they are ordered
in such a way that

N2(a1, p, V ) ≥ N2(a2, p, V ) ≥ · · · ≥ N2(an, p, V ).

Without loss of generality, we may assume that t is large enough.

Then for 1 ≤ s < t1/2 and B = ⌊
(2st)1/3

⌋+ 1, one verifies that

B < 21/3t1/2 + 1 ≤ t, t B ≤ t
(

21/3t1/2 + 1
)
< p, B3 > 2ts.

Therefore the conditions of Lemma 3.2 are satisfied and it can be applied
giving

s∑
j=1

N2(a j , p, V ) � s2/3t2/3.

Hence,

N2(as, p, V ) � s−1/3t2/3, 1 ≤ s < t1/2. (3.13)

For s ≥ t1/2, the following estimate holds:

N2(as, p, V ) ≤ N2(a�t1/2�, p, V ) � t1/2. (3.14)

Obviously, N2(0, p, V ) ≤ |Vp| = t . Combining the bounds (3.13) and (3.14)
with (3.2), we derive

T2(p, V ) =
∑

a∈
p

N2(a, p, V )2 =
∑

a∈
∗
p

N2(a, p, V )2 + N2(0, p, V )2

≤ t
n∑

s=1

N2(as, p, V )2 + t2

≤ t
∑

s≤t1/2

N2(as, p, V )2 + t
∑

s>t1/2

N2(as, p, V )2 + t2

� t
∑

s≤t1/2

(
s−1/3t2/3

)2 + t
∑

s>t1/2

t1/2 N2(as, p, V ) + t2 � t5/2,

and have the desired result.

We use these inequalities to derive the upper bound on S(q, V ) which
has been obtained in [33] and which improves several previously known
bounds [44, 81, 82].
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Theorem 3.4 For any integer ideal q which is relatively prime to each
λ1, . . . , λr ,

S(q, V ) ≤ Nm(q)1/2; (3.15)

for any prime ideal p of first degree prime to each λ1, . . . , λr ,

S(p, V ) � Nm(p)1/4|Vp|3/8; (3.16)

and

S(p, V ) � Nm(p)1/8|Vp|5/8. (3.17)

Proof From (3.1), and the first inequality of Lemma 3.1 (with k = 1) we
obtain (3.15).
We remark that now we may consider only the case

|Vp| < 0.7 Nm(p)2/3

because for larger |Vp|, the bound (3.15) is better than both (3.16) and (3.17).
From Lemma 3.3 (with k = 2) and the first and second inequalities of
Lemma 3.1, we obtain (3.16) and (3.17), respectively.

We make several comments.
First of all, we note that we do not know if the bounds (3.16) and (3.17) are

valid for arbitrary prime ideals. This is because the crucial point in the proof
is Lemma 3.2. However, neither the method which is used here to prove this
lemma nor the original method of proof of (3.8) from [17] can be extended to
non-prime finite fields.

Question 3.5. Improve the bound (3.15) for arbitrary integer ideals q or at
least for arbitrary prime ideals p.

For some related estimates of exponential sums, see [45, 52, 84].
If Vq is sufficiently large, the bound (3.15) is quite strong. In particular, it is

non-trivial for |Vq| > Nm(q)1/2. Unfortunately, we know no more than that,
for any ρ < (1 − ln 2)/2 = 0.153 . . . ,

|Vp| > Nm(p)r/(r+1) exp
(
lnρ Nm(p)

)
for some set of prime ideals p of asymptotic density 1 (see Lemma 9.7 below,
which is a generalization of the recent result of [72] concerning the case K =
Q). For sets of almost all integer ideals, one obtains an even weaker result.
The current best result is due to [61] where, for any τ < e−γ = 0.561 . . . ,

where γ is the Euler constant, the bound

|Vq| ≥ Nm(q)τr/(r+1)
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is stated for almost all integer ideals q. One sees that τr/(r + 1) > 1/2
beginning with r = 9, thus (3.15) is applicable to groups with at least nine
generators.

Clearly, if r = 1, then in order to get non-trivial results for some infinite
sequence of ideals, we do need something essentially better than the ‘square-
root’ bound (3.15). The bounds (3.16) and (3.17) provide such a result. In
particular, the bound (3.17) is non-trivial for |Vp| ≥ c Nm(p)1/3 where c > 0
is some absolute constant.

The main advantage of the bound (3.15) is that it holds for arbitrary integer
ideals.

Generally, it is useful to remark the following:

(i) The bound (3.15) supersedes (up to the value of constants) other estimates
for

|Vp| ≥ Nm(p)2/3.

(ii) The bound (3.16) supersedes (up to the value of constants) other estimates
for

Nm(p)2/3 ≥ |Vp| ≥ Nm(p)1/2.

(iii) The bound (3.17) supersedes (up to the value of constants) other estimates
for

Nm(p)1/2 ≥ |Vp| ≥ Nm(p)1/3.

Obtaining explicit forms of the estimates (3.16) and (3.17) would be very
important for a number of applications, including the question considered in
Chapter 6 about the best value of the constant in the bound of Gaussian sums
with arbitrary integer denominator.

Now we present the bounds (3.16) and (3.17) (as well as the bound (3.15),
just for the sake of completeness) in a simple form as bounds on exponential
sums with exponential functions. Let, as before, p be prime, g be an integer
with gcd(g, p) = 1, and t be the multiplicative order of g modulo p. Then the
bound

max
gcd(α,p)=1

∣∣∣∣∣ t∑
x=1

e(αgx/p)

∣∣∣∣∣ �


p1/2, if t ≥ p2/3;
p1/4t3/8, if p1/2 ≤ t ≤ p2/3;
p1/8t5/8, if p1/3 ≤ t ≤ p1/2
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holds. Also, it can be useful to remark that Lemma 3.3 essentially claims that
for t ≥ 0.7p2/3 the bound

p−1∑
α=1

∣∣∣∣∣ t∑
x=1

e(αgx/p)

∣∣∣∣∣
4

� pt5/2

holds.
Finally, we present the bounds (3.15), (3.16), and (3.17) in the form of

bounds for Gaussian sums. Let p be a prime, then for any n|p − 1 and any g
of multiplicative order t = (p − 1)/n, we have

p−1∑
z=1

e(αzn/p) = n
t−1∑
x=0

e(αgx/p). (3.18)

Denote

Gn(p) = max
gcd(α,p)=1

∣∣∣∣∣
p∑

z=1

e(αzn/p)

∣∣∣∣∣. (3.19)

Then

Gn(p) �


np1/2, if n ≤ p1/3;
n5/8 p5/8, if p1/3 ≤ n ≤ p1/2;
n3/8 p3/4, if p1/2 ≤ n ≤ p2/3.

(3.20)

We note that the first bound is a very well-known estimate, the other two
estimates follow from the bounds (3.16) and (3.17), respectively.

Certainly, each estimate holds for all n; we have just pointed out when each
one supersedes (up to the value of constants) the two others and remains non-
trivial (one may easily check that the value z = 0 can be included in the sum
without any harm).

If n is an even divisor of p − 1 such that p �≡ 1 (mod 2n), then paper [59]
provides the explicit bound

Gn(p) ≤ 2−1/2(n2 − 2n + 2)1/2 p1/2

which improves the classical inequality Gn(p) ≤ (n−1)p1/2. This bound also
immediately implies a similar improvement of (3.15) if q = p is a prime ideal
of first degree.

It is obvious that Lemma 3.3 implies that

T3(p, V ) � |Vp|9/2. (3.21)

Any stronger bound will immediately imply a non-trivial upper bound on
S(p, V ) and Gn(p) for a wider range of parameters.
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Question 3.6. Improve the bound (3.21).

Now, in the case when q is a large power k of any unramified fixed prime
ideal of first degree p, paper [44] provides the following much stronger
estimate:

S(pk, V ) ≤ c(p)Nm(pk)|Vpk |−1, (3.22)

where c(p) is a constant depending upon p only. In [78] this bound was
generalized to character sums with linear recurrent sequences. That bound
infers that, for any unramified prime ideal p of an arbitrary degree d and for
any ε > 0,

S(pk, V ) ≤ c(p, ε)Nm(pk)|Vpk |−1/d+ε. (3.23)

We also mention the following nice estimate of [44]. Let q = pk be a power
of a fixed prime number p and let g be an integer with gcd(p, g) = 1. Denote
by t the multiplicative order of g modulo q. Then, for any P ≤ t , the bound

P∑
x=1

e(gx/q) = O

(
P exp

(
−γ

ln3 P

ln2 q

))
holds, where γ > 0 is an absolute constant and the implied constant depends
only on g and p. This bound is non-trivial even for very short sums of length
P of order exp(ln2/3+ε q).
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Bounds of Short Character Sums

Here we consider reasonably short character sums where the number of terms
is small compared with the size of the corresponding algebraic domain.

First of all, we present the bound

Gn(p) ≤ p

(
1 − c(ε)

ln1+ε p

)
, (4.1)

which holds with some constant c(ε) > 0 provided that

p ≥ n ln n

Ln ln1−ε n
.

This bound is Theorem 1 of [41].
Therefore, for a prime ideal p of first degree Nm(p) = p such that

|Vp| ≥ ln p

Ln ln1−ε p
,

the bound

S(p, V ) ≤ |Vp|
(

1 − C(ε)

ln1+ε p

)
(4.2)

holds, where C(ε) is a positive constant depending on an arbitrary ε > 0 only.
Moreover, from Lemma 6 of [41] one can easily derive the following

estimate of an incomplete sum. Let t be the multiplicative order of g modulo
p, gcd(g, p) = 1 and let P be integer. If

t ≥ ln p

Ln ln1−ε p
, P ≥ min{t, 6 ln p Ln ln p + 1}

then ∣∣∣∣∣ P∑
x=1

e(gx/p)

∣∣∣∣∣ ≤ P

(
1 − C(ε)

ln1+ε p

)
.

26
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We remark that we cannot obtain good upper estimates on S(p, V ) if |Vp| is
too small. It is known from [35] that, for any ε > 0, there are infinitely many
primes p and subgroups Vp of 
∗

p such that

ln p

ln ε−1
≤ Vp ≤ 2 ln p

ln ε−1

and

S(p, V ) ≥ |Vp|
(

1 − 2πε

1 − ε

)
.

Finally, we note that, over finite fields of bounded characteristics, the
method of [81, 82] allows us to obtain a non-trivial estimate for fairly short
sums. For example, if χ is a non-trivial additive character of F2r and g ∈ F∗

2r

is of multiplicative order t ≥ 2rε, then, for any a ∈ F∗
2r and any ε > 0, the

bound ∣∣∣∣∣ t∑
x=1

χ(agx )

∣∣∣∣∣ ≤ (1 − 2γ (ε))t + o(t)

holds, where 0 < γ (ε) < 1/2 is the unique root of the equation

−γ log γ − (1 − γ ) log(1 − γ ) = 1 − ε, 0 < γ < 1/2.

More general estimates are obtained in [83].
In the next result, we demonstrate one more possible approach to upper

bounds of such ‘short’ sums.
First of all, we need the following technical statement.

Lemma 4.1. Let b1, . . . , bt ∈ R be real numbers with |b j | < p/2, j =
1, . . . , t , which satisfy the inequality

t∑
j=1

b2
j ≥ B.

Then

�
t∑

j=1

e(b j/p) ≤ t − 8B

p2
.

Proof One easily verifies the inequality

cos u ≤ 1 − 2u2

π2
, −π ≤ u ≤ π.

Indeed, setting f (u) = 1−2u2/π2 − cos u, we have f (0) = f ′(0) = f (π) =
0. We also have f (π/2) = 1/2 > 0. If f (x) takes a negative value on
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the interval [−π, π ], then, because it is an even function, it takes a negative
value on the interval [0, π ] as well. Therefore f has at least four roots on
the interval [0, π ] (counting the multiple root at u = 0 twice). Therefore,
f ′′(u) = −4/π2 + cos u has at least two zeros on the open interval (0, π)

which is not possible.
Therefore we have

�
t∑

j=1

e(b j/p) =
t∑

j=1

cos(2πb j/p) ≤ t − 8

p2

t∑
j=1

b2
j

and the assertion of the lemma follows.

We use Lemma 4.1 to prove the following upper bound.

Theorem 4.2 For any integer r with 2 ≤ r ≤ ϕ(t), where t is the multiplicative
order of g modulo p, the bound

max
gcd(a,p)=1

∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≤ t − C(r)p−2/r

holds, where C(r) > 0 depends only on r.

Proof Let us denote

B =
(

p2(r−1)t

rγ r−1
r−1

)1/r

where γk is the kth Hermite constant [10].
Let b be any integer with gcd(b, p) = 1. For j = 1, . . . , t we define the
numbers by the conditions

b j ≡ bg j (mod p), |b j | < p/2

and then we extend the definition to other j periodically with period t , that is
we put bt+1 = b1, bt+2 = b2, and so on.
First of all, we show that

t∑
j=1

b2
j ≥ B. (4.3)

Indeed, assuming the opposite we obtain that for some integer k,

r∑
i=1

b2
k+i < r B/t.
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Consider the (r − 1)-dimensional lattice

L = {(l1, . . . , lr ) ∈ Zr : bk+1l1 + · · · + bk+r lr = 0}.
The determinant of the lattice

det L ≤
(

r∑
i=1

b2
k+i

)1/2

< (r B/t)1/2.

Therefore, from the definition of the Hermite constant, see [10], we derive that
L contains a non-zero vector (l1, . . . , lr ) ∈ L of length

r∑
i=1

l2
i ≤ γr−1(det L)2/(r−1) < γr−1(r B/t)1/(r−1).

For this vector (as well as for any other vector of L), we have

bk+1l1 + · · · + bk+r lr = 0.

Hence

b j+1l1 + · · · + b j+r lr ≡ 0 (mod p)

for any integer j . On the other hand,

|b j+1l1 + · · · + b j+r lr | ≤
(

r∑
i=1

b2
k+i

)1/2 ( r∑
i=1

l2
i

)1/2

< B1/2γ
1/2
r−1(r B/t)1/2(r−1) = p.

Therefore, for all integers j , we have the identity

b j+1l1 + · · · + b j+r lr = 0.

This means that the sequence (b j ) is a periodic linear recurrent sequence
of order at most r with the smallest period t . Let �(X) be the minimal
polynomial of this sequence. We have

�(X) | lr Xr−1 + · · · + l2 X + l1,

thus deg� ≤ r − 1.
Because t is the smallest period then the smallest positive τ for which
�(X)|X τ − 1 is τ = t . If

�(X)

∣∣∣ ∏
1≤τ<t

(
X τ − 1

)
,

then gτ ≡ 1 (mod p) for some 1 ≤ τ < t which is impossible. Therefore one
of the roots of � is a primitive t th root of unity, in other words, � is divisible
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by the t cyclotomic polynomial. Hence ϕ(t) ≤ r − 1 which contradicts the
assumption of the theorem. So the bound (4.3) holds.
Now we have,∣∣∣∣∣ t∑

x=1

e(agx/p)

∣∣∣∣∣
2

=
t∑

x,y=1

e
(
a(gx − gy)/p

) = t∑
x,y=1

e
(
a(gy − 1)gx/p

)
= t +

t−1∑
y=1

t∑
x=1

e
(
a(gy − 1)gx/p

)
= t +

t−1∑
y=1

t∑
x=1

�e
(
a(gy − 1)gx/p

)
,

because the sum on the left-hand side is a real number. If gcd(a, p) = 1,
then, for each y = 1, . . . , t − 1, we can combine the bound (4.3) (with b =
a(gy − 1)) and Lemma 4.1 and obtain∣∣∣∣∣ t∑

x=1

e(agx/p)

∣∣∣∣∣
2

≤ t + (t − 1)

(
t − 8B

p2

)
= t2 − 8B(t − 1)

p2

and ∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≤ t − 4(t − 1)B

tp2
.

Recalling the definition of B, we obtain the estimate

max
gcd(a,p)=1

∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≤ t − C(r)t1/r p−2/r . (4.4)

Replacing t1/r with 1, we obtain the desired result.

It is easy to see that, although the bound (4.4) looks stronger than the bound
of Theorem 4.2, both statements are equivalent (up to the value of the constant
C(r)).

Putting r = ϕ(t), we obtain

max
gcd(a,p)=1

∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≤ t − c(t)p−2/ϕ(t) (4.5)

where c(t) > 0 depends only on t .
We remark that there are close relations between bounds of such short

sums and bounds of the number M1(m, p) which we define and study in
Chapter 13. In particular, in that chapter we indicate another way of obtaining
the bound (4.5) and also show that this bound is sharp.



5

Bounds of Character Sums for Almost All
Moduli

So far we have considered estimates which hold for each q from some wide
class of parameters. Below, we obtain a quite different result where we
estimate character sums for almost all moduli (rather than for all) but instead
we obtain a much stronger bound.

First of all, we need two auxiliary results which might be of independent
interest. We consider relations of the form

k∑
ν=1

aνζν = 0, (5.1)

where the aν are integers and the ζν are roots of unity. A relation (5.1) will be
called irreducible if ∑

ν∈I
aνζν �= 0

for any non-empty proper subset I ∈ {1, . . . , k}.
We will use the following statement from [56] (see also [77]).

Lemma 5.1. If the relation (5.1) is irreducible, then there are distinct primes
p1, . . . , ps where p1 < · · · < ps ≤ k and p1 . . . psth roots of unity ην such
that

ζν = ηνζ, ν = 1, . . . , k

for some ζ .

Proof Let nν be the order of ζν and let m be the least common multiple of nν .
Suppose that, for a prime p, we have m = p jr , j > 0, (p, r) = 1. Then

ζν = ρσν ξν, 0 ≤ σν ≤ p − 1,
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where ρ is a primitive p j th root of unity and ξν a p j−1r th root of unity.
Collecting terms with the same value of σν , we get from (5.1) the equation

p−1∑
µ=0

ρµαµ = 0, αµ ∈ R(ξ), (5.2)

where ξ is a primitive p j−1r th root of unity. If j > 1, then ρ is of degree
ϕ(m)/ϕ(p j−1r) = p over R(ξ). Hence αµ = 0 for all µ = 0, . . . , p − 1.
Because the relation (5.1) is irreducible, we conclude that, for some µ, we
have

σ1 = · · · = σk = µ.

Therefore,
k∑

ν=1

aνξν �= 0 (5.3)

and this relation is irreducible too.
If j = 1 and p > k, then all αµ in (5.2) must be equal because

x p−1 + x p−2 + · · · + 1 = 0

is the irreducible polynomial for ρ over R(ξ). But (5.2) contains at most k
non-vanishing terms. Hence we must have

αµ = 0 (µ = 0, . . . , p − 1)

and again we obtain (5.3). Lemma 5.1 now follows by induction on m.

Now let t be an integer and ξ = e(1/t) be a t th root of unity. Denote by
Wk(t) the number of solutions of the equation

ξ z1 + · · · + ξ zk = ξ zk+1 + · · · + ξ z2k , 0 ≤ z1, . . . , z2k ≤ t − 1. (5.4)

Lemma 5.2. For any fixed integer k ≥ 1, the bound

Wk(t) = A(k)tk + O(tk−1)

holds, where

A(k) =
{

k! , if t is odd;
(2k − 1)!! , if t is even.

Proof It follows from Lemma 5.1 that there is a constant γ (k) > 0 such that,
for any integers a1, . . . , am , the equality

a1ξ
z1 + · · · + amξ zm = 0
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with

gcd(t, z1 − zm, . . . , zm−1 − zm) < γ (k)t

implies that there is some proper vanishing subsum, that is for some proper
subset I ∈ {1, . . . ,m}, we have∑

i∈I
aiξ

zi = 0.

Namely, one can take

γ (k) =
∏
p∈P
p≤k

p−1

where P is the set of prime numbers.
Let us consider a partition

S = {I1, . . . , Is}
of the set {1, . . . , 2k} on s pairwise not intersecting subsets I1, . . . , Is , thus

s⋃
r=1

Ir = {1, . . . , 2k}, Ir

⋂
Il = ∅, 1 ≤ l < r ≤ s.

We say that a solution of (5.4) is of type S if and only if∑
i∈Ir

ϑiξ
zi = 0, r = 1, . . . , s,

where ϑi = 1 if i ≤ k and ϑi = −1 otherwise, and no further subpartition
satisfies this condition. In this case we see that, for any r = 1, . . . , s, numbers
zi − z j , i, j ∈ Ir have some common divisor dr ≥ γ (k)t . Thus, for a given
type S = {I1, . . . , Is} there are at most

s∏
r=1

t
∑
dr |t

dr ≥γ (k)t

(t/dr )
|Ir |−1

 =
s∏

r=1

t
∑
δr |t

δr ≤γ (k)−1

δ|Ir |−1
r

 � t s

solutions. Therefore if s ≤ k − 1, then the number of solutions is O(tk−1).
The case s = k means that we have a partition into pairs.

If t is odd, then the equation ϑiξ
zi +ϑ jξ

z j = 0 is possible only if ϑi = −ϑ j

and zi = z j . Therefore, the second half (zk+1, . . . , z2k) of each solution
should be a permutation of the first half (z1, . . . , zk). Thus if we fix the first
half, then for the second half we have only O(1) possibilities and precisely k!
possibilities if 0 ≤ z1, . . . , zk ≤ t − 1 are pairwise distinct. The number of
such pairwise distinct k-tuples is evidently tk + O(tk−1), the number of other
k-tuples is O(tk−1) and we get k!tk + O(tk−1) such solutions.
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If t is even, then there is one more possibility: ϑi = ϑ j and zi = z j + t/2.
Therefore, any partition of the set {1, . . . , 2k} on pairs is available. The total
number of partitions is (2k − 1)!!. Similarly, in this case, we obtain (2k −
1)!!tk + O(tk−1) solutions.

Lemma 5.3. Let l be a prime number. Assume that m ≥ 1 simple roots of the
congruence G(x) ≡ 0 (mod l) with a polynomial G(X) ∈ Z[X ] are also roots
of the congruence F(x) ≡ 0 (mod l) with another polynomial F(X) ∈ Z[X ].
Then the resultant

Res(F, G) ≡ 0 (mod lm).

Proof Because each root α of G is simple,

G(α) ≡ 0 (mod l), G ′(α) �≡ 0 (mod l).

By Theorem 3 of [39], α can be lifted to l-adic roots of G(X). Therefore over
the ring of integer l-adic integers Zl we have G = H Q, where H(X), Q(X) ∈
Zl [X ], and H is the monic polynomial of degree m whose roots are l-adic
liftings of those roots of G.

We write F = H P + R where P(X), R(X) ∈ Zl [X ] and deg R < m.
From the condition of the lemma, we see that R has m roots modulo l, so it is
identical to zero modulo l. Therefore, R(X) = lT (X) where T (X) ∈ Zl [X ].
Now we have

Res(F, G) = Res(H P + lT, H Q)

= Res(H P + lT, H)Res(H P + lT, Q)

= Res(lT, H)Res(H P + lT, Q).

Taking into account that ordl Res(lT, H) ≥ m, we obtain the statement.

We believe that the restriction that the zeros of G are simple is redundant.

Question 5.4. Prove an analogue of Lemma 5.3 for two polynomials G(X),
F(X) ∈ Z[X ] having m common zeros (possibly multiple) modulo l.

We note that the constant γ (k) from the proof of Lemma 5.2 can be
explicitly evaluated (see the comment at the end of [77]).

The implied constant in the following theorem may depend on k.

Theorem 5.5 For each integer t and prime l ≡ 1 (mod t), we fix some element
gt,l of multiplicative order t modulo l. Then, for any fixed integer k ≥ 2, and
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an arbitrary U > 1, the bound

max
gcd(α,l)=1

∣∣∣∣∣ t−1∑
x=0

e(αgx
t,l/ l)

∣∣∣∣∣ � tl1/2k2
(t−1/k + U−1/k2

)

holds for all primes l ≡ 1 (mod t) except possibly at most U/ ln U of them.

Proof We may assume that k < (t−1)/2. We estimate the number of solutions
Tk(l, t) of the congruence

gx1
t,l + · · · + gxk

t,l ≡ gy1
t,l + · · · + gyk

t,l (mod l), (5.5)

where

0 ≤ xi , yi ≤ t − 1, i = 1, . . . , k.

Therefore, for any 1 ≤ r ≤ t , gcd(r, t) = 1, gs
t,l is the root of the polynomial

F(X) = Xu1 + · · · + Xuk − Xv1 − · · · − Xvk , (5.6)

where s, 1 ≤ s ≤ t − 1, is defined from the congruence sr ≡ 1 (mod t) and

ui ≡ r xi (mod l), vi ≡ r yi (mod l), i = 1, . . . , k.

Let �t (X) be the t th cyclotomic polynomial. Since gt,l is of multiplicative
order t modulo l then �t (gs

t,l) ≡ 0 (mod l). Therefore l divides the resultant
Rt (F) of F and �t .
We call a solution trivial if Rt (F) = 0 for at least one of the corresponding
polynomials of the form (5.6) (and therefore for all ϕ(t) such polynomials).
Lemma 5.2 implies that each congruence (5.5) has Wk(t) = O(tk) trivial
solutions.
Denote by Q the product

Q =
∏

F

Rt (F)

over all O(t2k) polynomials F(X) of the form (5.6) such that

0 ≤ u1, v1, . . . , uk, vk ≤ t − 1, and Rt (F) �= 0.

Let us fix W such that 1 ≤ W ≤ t2k . We denote by LW the set of primes
l ≡ 1 (mod t) for which (5.5) has at least W non-trivial solutions. We see that
for any l ∈ LW ,

ordl Q ≥ Wϕ(t). (5.7)

Indeed, although some polynomial F(X) of the form (5.6) may correspond to
several, say m, distinct solutions of (5.5), in this case F(X) and �t (X) have
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at least m common roots and from Lemma 5.3 the inequality (5.7) follows
anyway. Thus

t |LW |Wϕ(t) ≤
∏

l∈LW

lWϕ(t) ≤ Q.

To estimate Q, we note that

|Rt (F)| =
t∏

j=1
gcd( j,t)=1

|F (e( j/t))| ≤ (2k)ϕ(t),

hence ln Q � ϕ(t)t2k . Therefore

|LW | � ln Q

Wϕ(t) ln t
≤� t2k

W ln t
.

For a prime l �∈ LW , we get Tk(t, l) ≤ Wk(t) + W thus the second bound of
Lemma 3.1 implies

max
gcd(α,l)=1

∣∣∣∣∣r−1∑
x=0

e(αgx
t,l/ l)

∣∣∣∣∣
� l1/2k2

(tk + W )1/k2
t1−2/k = tl1/2k2

(t−1/k + W 1/k2
t−2/k).

Selecting W = max(1, ct2k/U ) with some sufficiently large constant c
provided that U > c, we obtain the assertion. If U ≤ c, then the required
inequality holds for all l, without any exceptions.

Here is an example of using Theorem 5.5. Let t and A be such that there are
at least t A−1−ε primes l ≡ 1 (mod t) and such that t A ≤ l ≤ 2t A. Choosing
U = t A−1−εk2

we obtain that, for almost all primes l described above, the
bound

max
gcd(α,l)=1

∣∣∣∣∣ t−1∑
x=0

e(αgx
t,l/ l)

∣∣∣∣∣ � t (t−(2k−A)/2k2 + t (−A+2)/2k2+ε)

holds. It is easy to see that the bound is non-trivial if 2 < A < 2k. (For A ≤ 2
one can use (3.16) or (3.17) both of which are non-trivial for such A.) If A
is an integer, then the optimal choice for k is k = A − 1 which produces the
estimate

max
gcd(α,l)=1

∣∣∣∣∣ t−1∑
x=0

e(αgx
t,l/ l)

∣∣∣∣∣ � t1−(A−2)/2(A−1)2+ε

for almost all l satisfying the conditions above. Another example of using
Theorem 5.5 is given in the proof of Theorem 14.5 below.

Using (3.18) we can apply it to Gaussian sums as well.



6

Bounds of Gaussian Sums

For integers q ≥ 1, n ≥ 2, and a, let us denote by Sn(a, q) the Gaussian sum

Sn(a, q) =
q∑

x=1

e(axn/q)

and let

Gn(q) = max
gcd (a,q)=1

|Sn(a, q)|

be the maximal absolute value of ‘non-trivial’ Gaussian sums with the denom-
inator q.

In particular, for a prime q = p, this function has already been defined in
Chapter 3. Accordingly, the bound (3.20) is one of our main tools.

It is very well known that for some constant C(n) depending only n the
bound

Gn(q) ≤ C(n) q1−1/n

holds (see [86] or Problem 3δ of Chapter 7 of [91] for example). So, we can
define

A(n) = sup
q≥1

Gn(q)

q1−1/n
.

In [86], the bound

A(n) = exp
(

O(ln ln n)2
)

was proved and it was also conjectured in that paper that actually all these
constants are uniformly bounded, that is

A(n) = O(1).

37
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In [81, 82], this conjecture was proved in the following stronger form:

A(n) = 1 + O(n−1/4+ε).

Here we use the results of (4.2).
If n = 2, it is known that A(2) = 21/2. So, hereafter we consider the case

of n > 2.
First of all, we recall some well-known properties of Gaussian sums. These

properties are summarized in Section 2 of [86] (see Problem 12d of Chapter 3
and Problems 3β and 3γ of Chapter 7 of [91] as well).

Lemma 6.1. For any relatively prime q1, q2, the identity

Gn(q1q2) = Gn(q1) Gn(q2)

holds.

Proof Let q = q1q2. There is a one-to-one corresponding assigning to any
integer x ∈ {1, . . . , q} the integers x1 ∈ {1, . . . , q1} and x2 ∈ {1, . . . , q2} such
that x ≡ x1q2 + x2q1 (mod q). Therefore,

Sn(a, q) =
q1∑

x1=1

q2∑
x2=1

e(a(x1q2 + x2q1)
n/q).

Note that (x1q2 + x2q1)
n ≡ (x1q2)

n + (x2q1)
n (mod q). Hence,

Sn(a, q) =
q1∑

x1=1

q2∑
x2=1

e(a((x1q2)
n + (x2q1)

n)/q)

=
q1∑

x1=1

q2∑
x2=1

e(aqn−1
2 xn

1 /q1 + aqn−1
1 xn

2 /q2)

=
q1∑

x1=1

e(aqn−1
2 xn

1 /q)
q2∑

x2=1

e(aqn−1
1 xn

2 /q),

and we have

Sn(a, q) = Sn1(a1, q1) Sn2(a2, q2), (6.1)

where a1 = aqn−1
2 , a2 = aqn−1

1 . The equality (6.1) immediately gives
Gn(q) ≤ Gn(q1) Gn(q2). The inverse inequality Gn(q) ≥ Gn(q1) Gn(q2)

follows from the observation that for any (a1, q1) = 1 and (a2, q2) = 1, there
exists a such that a1 ≡ aqn−1

2 (mod q1) and a2 ≡ aqn−1
1 (mod q2).

To prove Lemmas 6.4 and 6.5 below, we need some auxiliary assertions.
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Lemma 6.2. Let p be a prime and let n ≥ 1, α ≥ 0, β ≥ 1, x, y be integers
such that n = pαn0 with gcd(n0, p) = 1 and y ≡ x (mod pβ).

• If β ≥ 1, then

yn − xn ≡ nxn−1(y − x) (mod pβ+1);
• If (x, p) = 1, β ≥ 2, then

yn − xn ≡ n0xn0−1(y − x)pα (mod pα+β+1).

Proof We have

yn − xn − nxn−1(y − x) = (y − x)

(
n−1∑
j=0

x j yn−1− j − nxn−1

)

= (y − x)

(
n−1∑
j=0

x j (yn−1− j − xn−1− j )

)
≡ 0 (mod pβ+1),

as y − x is divisible by pβ and all differences yn−1− j − xn−1− j are divisible
by p, and the first statement follows.
We prove the second statement by induction on α. For α = 0, the assertion has
just been proved. Denote m = n/p, u = xm , v = ym and make the induction
assumption that

v − u ≡ n0xn0−1(y − x)pα−1 (mod pα+β). (6.2)

The last congruence implies that

v − u ≡ 0 (mod pα+β−1).

Proceeding as in the first part, we obtain

v p − u p − p(v − u) = (v − u)

(
p−1∑
j=0

u jv p−1− j − p

)
. (6.3)

From (6.2) we see that u ≡ v (mod p2). Therefore,

p−1∑
j=0

u jv p−1− j − p ≡
p−1∑
j=0

u p−1 − p = pu p−1 − p ≡ 0 (mod p2),

and, by (6.3),

yn − xn = v p − u p ≡ p(v − u) (mod pα+β+1).

Substituting (6.2) into the last congruence, we complete the proof.
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Lemma 6.3. Let p be a prime. We put

γp(n) =
{

2, if ordp n = 0;
3 + ordp n, if ordp n > 0.

Then, for any integer m with γp(n) ≤ m ≤ n,∑
1≤x≤pm
(x,p)=1

e(axn/pm) = 0.

Proof Let

S =
∑

1≤x≤pm
(x,p)=1

e(axn/pm).

We will use the following fact: for any integer y

S =
∑

1≤x≤pm
(x,p)=1

e(a(x + py)n/pm)

(because x + py runs over the reduced residue system modulo pm together
with x). Therefore, for any integer β ≥ 1, we have

S = 1

p

∑
1≤x≤pm
(x,p)=1

p−1∑
j=0

e(a(x + j pβ)n/pm). (6.4)

Now set α = ordp n, n0 = n/pα , β = m − α − 1.
If α = 0, then β = m − 1 ≥ γp(n) − 1 = 1, and, by Lemma 6.2, we have

a(x + j pβ)n − axn ≡ anj xn−1 pm−1 (mod pm).

Hence,

p−1∑
j=0

e(a(x + j pβ)n/pm) = e(axn/pm)

p−1∑
j=0

e(anj xn−1/p) = 0

and by (6.4) we have S = 0.
Similarly, if α > 0, then β = m − α − 1 ≥ γp(n) − ordp n − 1 ≥ 2, and, by
Lemma 6.2, we have

a(x + j pβ)n − axn ≡ an0 j xn0−1 pα+β (mod pm).

Hence,

p−1∑
j=0

e(a(x + j pβ)n/pm) = e(axn/pm)

p−1∑
j=0

e(an0 j xn0−1/p) = 0

and by (6.4) we have S = 0 again.
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Now we are prepared to prove the following two assertions giving a recur-
rent formula and initial values for Gaussian sums.

Lemma 6.4. Let p be a prime. We put

γp(n) =
{

2, if ordp n = 0;
3 + ordp n, if ordp n > 0.

Then, for any integer m with γp(n) ≤ m ≤ n,

Gn(pm) = pm−1.

Proof By Lemma 6.3,

Sn(a, pm) =
∑

1≤x≤pm
(x,p)>1

e(axn/pm) =
pm−1∑
y=1

e(a(py)n/pm)

=
pm−1∑
y=1

e(ayn pn−m) = pm−1,

and we are done.

Lemma 6.5. Let p be a prime and let m ≥ n + 1 be an integer, then

Gn(pm) = pn−1Gn(pm−n).

Proof Because n ≥ 3, we have n ≥ ordp n + 2. Indeed, it is easy to verify
that, for x ≥ 4,

x ≥ log x + 2 ≥ ordp x + 2

and also that 3 ≥ ordp 3 + 2. Therefore m ≥ n + 1 ≥ ordp n + 3 ≥ γp(n). By
Lemma 6.3, we obtain

Sn(a, pm) =
pm−1∑
y=1

e(a(py)n/pm) =
pm−1∑
y=1

e(ayn/pm−n) = pn−1Sn(a, pm−n),

and we are done.

Lemma 6.1 shows that it is enough to consider Gaussian sums with a prime
power denominator, that is

A(n) =
∏
p∈P

sup
k≥1

{Gn(pk)/pk(1−1/n), 1}.
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Lemma 6.5 shows that

sup
k≥1

{Gn(pk)/pk(1−1/n), 1} = max
n≥m≥1

{Gn(pm)/pm(1−1/n), 1}.

Finally, Lemma 6.4 shows that

max
n≥m≥1

{Gn(pm)/pm(1−1/n), 1} = max
γp(n)>m≥1

{Gn(pm)/pm(1−1/n), 1}.

Therefore

A(n) =
∏
p∈P

max
γp(n)>m≥1

{Gn(pm)/pm(1−1/n), 1},

where P denotes the set of prime numbers.
We estimate the part of the product which is taken over primes p | n by using

the following trivial inequalities:∏
p∈P
p|n

max
γp(n)>m≥1

{Gn(pm)/pm(1−1/n), 1} ≤
∏
p∈P
p|n

max
γp(n)>m≥1

{pm/n, 1}

≤
∏
p∈P
p|n

p(γp(n)−1)/n

= n1/n
∏
p∈P
p|n

p2/n ≤ n3/n,

thus

A(n) ≤ n3/n
∏
p∈P

gcd(p,n)=1

max{Gn(p)/p1−1/n, 1}.

Now we are going to show that in fact we may consider only a finite product.

Lemma 6.6. Let d = gcd(n, p − 1), then Gn(p) = Gd(p).

Proof Evidently, for any l with gcd(l, p − 1) = 1, the function f (y) = yl is a
permutation function on the set or residues modulo p.

Let us define Qn(d) as the largest prime p with gcd(n, p − 1) = d and such
that Gn(p) ≥ p1−1/n . Therefore, the inequality

A(n) ≤ n3/n
∏
d|n

∏
p∈P, p≤Qn (d)
gcd (n,p−1)=d

max{Gd(p)/p1−1/n, 1} (6.5)

holds. Then the bound (3.20) implies that

Qn(d) � d3/2. (6.6)
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Certainly the implied constant (as well as the constants in (3.20)) can be easily
evaluated explicitly.

Theorem 6.7 The asymptotic formula

A(n) = 1 + O(n−1τ(n) ln n)

holds.

Proof Let p ≤ Qn(d) be a prime with gcd(p − 1, n) = d ≥ 2. We put
t = (p − 1)/d and show that if ϕ(t) ≥ 6, then σd(p) ≤ p1−1/n provided that
n is large enough.
First of all, we remark that (6.6) implies that d � p2/3, thus t = O(p1/3).
Now, from the identity (3.18) and the estimate (4.4), taken with r = 6, we
obtain

σd(p) ≤ 1 + d(t − Ct1/6 p−1/3) = p − Cdt1/6 p−1/3

= p − C(p − 1)t−5/6 p−1/3 ≤ p − cp7/18

for some absolute constants C, c > 0.
Noticing that 7/18 > 1/3, we see that there exists an absolute constant L0

such that if p ≥ L0, then

p − cp7/18 ≤ p − d−1 p ln p ≤ p1−1/d ≤ p1−1/n .

Clearly, for p < L0 and sufficiently large n, we also have σd(p) ≤ p1−1/n .
Now, by (6.5) we can write for sufficiently large n

A(n) ≤ n3/n
∏
d|n

∏
p∈P

gcd (n,p−1)=d
ϕ((p−1)/d)≤5

max{σd(p)/p1/n, 1}

≤ n3/n
∏
d|n

∏
p∈P

gcd (n,p−1)=d
ϕ((p−1)/d)≤5

p1/n

≤ n3/n
∏

ϕ(t)≤5

∏
d|n

(td + 1)1/n = n3/n
∏
t∈T

∏
d|n

(td + 1)1/n

where T is the following nine-element set

T = {1, 2, 3, 4, 5, 6, 8, 10, 12}.
Therefore

A(n) ≤ n3/n(12n + 1)9τ(n)/n ≤ 1 + O(τ (n) ln n/n),

as required.
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In particular, one obtains that

A(n) ≤ 1 + n−1 exp

(
(ln 2 + o(1))

ln n

ln ln n

)
, n → ∞. (6.7)

Below, we prove a lower bound on A(n) which shows that the previous
estimate (6.7) is quite precise.

Theorem 6.8 There exist infinitely many integers n such that the bound

A(n) > 1 + n−1 exp(0.43 ln n/ ln ln n)

holds.

Proof Let us fix arbitrary A > 12/5 and let 2 ≤ u < A + 1. We also fix
sufficiently small ε > 0, in particular we assume that ε < (A + 1 − u)/5.
Let z be sufficiently large and let x = z A.
From Theorem 2.1 of [1], we derive that there are primes q1, . . . , qk , k ≤
k0(A), where k0(A) depends only on A, such that for any positive integer d ≤
z, we have

π(dx/z; d, 1) − π(dx/(2z); d, 1) >
dx

4ϕ(d)z ln x
≥ x

4z ln x
, (6.8)

provided that d is not divisible by q1, . . . , qk .
Let Q be the set of the least

R =
⌊
(1 − ε)u ln z

ln ln z

⌋
primes distinct from q1, . . . , qk . Denote by N their product

N =
∏
q∈Q

q.

We have

N < zu (6.9)

provided that z is large enough.
Let D be the set of all products of

r =
⌊
(1 − ε) ln z

ln ln z

⌋
elements of Q, then for any d ∈ D, we have

z1−2ε < d < z. (6.10)
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Denote by M = |D| the cardinality of D. Then

M =
(

R

r

)
> (uu/(u − 1)u−1)(1−2ε) ln z/ ln ln z, (6.11)

see [54], Section 10.11.
Using (6.8), we establish the existence of l with x/2z < l ≤ x/z and such that
the numbers ld + 1 are prime for at least M/(4 ln x) values of d. Set n = l N .
By (6.9), we have

n < zu+A−1. (6.12)

Because ε < (A + 1 − u)/5, we see from the previous inequality and
from (6.10) that ld + 1 > xz−2ε/2 > n1/2 for any d ∈ D. We also note
that ld|n for any d ∈ D. Therefore for any prime p = ld + 1, d ∈ D, we have

σn(p) ≥ |Sn(1, p)| = |(p − 1)e(1/p) + 1| = |(p − 1) + e(−1/p)|
≥ � ((p − 1) + e(−1/p)) = p − 1 + cos(2π/p)

= p + O(p−2) = p + O(1/n) ≥ p1−1/n exp(1/n),

provided that z is large enough.
Therefore,

A(n) ≥ exp(M/(4n ln x)). (6.13)

If we take u = 3, then

(u ln u − (u − 1) ln(u − 1))/(u + 7/5) > 0.43.

Now if we select A sufficiently close to 12/5, then from the last inequality, and
the inequalities (6.11), (6.12), and (6.13) we obtain the required estimate.

Certainly the constant 0.43 can be slightly improved. Also, it is useful to
recall that ln 2 = 0.693 . . . , thus the gap between the upper bound (6.7) and
the lower bound of Theorem 6.8 is quite narrow.

It is important to remark that the implied constants in the above bounds
of A(n) can be explicitly evaluated. Thus with some reasonable amount of
computation, one can perhaps obtain an absolute upper bound on all A(n),
n = 2, 3, . . . . The first step would be to evaluate explicitly and to get the best
possible values of the constants in the estimates (3.20) and (6.6).

In fact we believe that even the following question is quite feasible and can
be answered within a reasonable amount of computation.

Question 6.9. Compute the precise value of

A = sup
n≥2

A(n).
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Multiplicative Translations of Subgroups of F∗
p

Let V be a subgroup of a prime field of p elements F∗
p of cardinality |V | = t .

We put n = (p − 1)/t and for j = 1, . . . , n, we denote by Vj the
multiplicative translation of V by g j where g is a fixed primitive root modulo
p, that is

Vj = g j V =
{

g j u : u ∈ V
}
, j = 1, . . . , n.

As we mentioned in the Introduction, many of the results of this book
depend on good upper bounds on the size of the largest interval which does
not contain elements of Vj for some j = 1, . . . , n. Thus we define

Hp(t) = max{H : ∃ j ∈ {1, . . . , n}, ∃M ∈ Z

such that M + z �∈ Vj , z = 1, . . . , H}.
To study Hp(t), we introduce several more functions.
Namely, for j = 1, . . . , n, we denote by N j,t (h) the number of u ∈ Vj with

1 ≤ |u| ≤ h, that is

N j,t (h) =
∣∣{u ∈ Vj : 1 ≤ |u| ≤ h

}∣∣,
and also put

S j (t) =
∑
v∈Vj

e(v/p)

and extend this definition for all j ∈ Z periodically with period n.
Relations between Hp(t) and N j,t (h), S j (t), are given by the following

statement.

Lemma 7.1. If for some integer h ≥ 1, the inequality

n∑
j=1

N j,t (h)|S j+k(t)| ≤ 0.5t

49
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is satisfied for all k = 1, . . . , n, then for any ε > 0, the bound

Hp(t) � p1+εh−1

holds.

Proof Let us fix some ε > 0. We put

s =
⌈

0.5(1 + ε−1)
⌉
, L =

⌈
p1+εh−1

⌉
.

Obviously it is enough to show that for any integer M and any k = 1, . . . , n,
the congruence

v ≡ M + x1 + · · · + xs − y1 − · · · − ys (mod p),

v ∈ Vk, 0 ≤ x1, y1, . . . , xs, ys < L ,

is solvable. Indeed, in this case we have Hp(t) ≤ 2s(L − 1).

For the number Q of solutions of this congruence, one easily sees from the
identity (3.3) applied to Fp that

Q = 1

p

(p−1)/2∑
a=−(p−1)/2

e(−aM/p)
∑
v∈Vk

e(av/p)

×
∑

0≤x1,y1,... ,xs ,ys<L

e
(
−a(x1 + · · · + xs − y1 − · · · − ys)

p

)

= 1

p

(p−1)/2∑
a=−(p−1)/2

e(−aM/p)

∣∣∣∣∣ ∑
0≤x<L

e(ax/p)

∣∣∣∣∣
2s ∑

v∈Vk

e(av/p)

≥ t L2s p−1 − σ1 p−1 − σ2 p−1,

where

σ1 =
∑

1≤|a|≤h

∣∣∣∣∣ ∑
0≤x<L

e(ax/p)

∣∣∣∣∣
2s ∣∣∣∣∣∑

v∈Vk

e(av/p)

∣∣∣∣∣ ,
σ2 =

∑
h<|a|≤(p−1)/2

∣∣∣∣∣ ∑
0≤x<L

e(ax/p)

∣∣∣∣∣
2s ∣∣∣∣∣∑

v∈Vk

e(av/p)

∣∣∣∣∣.
For 1 ≤ |a| ≤ h, we use the trivial estimate∣∣∣∣∣ ∑

0≤x<L

e(ax/p)

∣∣∣∣∣ ≤ L
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and derive

σ1 ≤ L2s
∑

1≤|a|≤h

∣∣∣∣∣∑
v∈Vk

e(av/p)

∣∣∣∣∣ = L2s
n∑

j=1

∑
1≤|a|≤h

a∈V j

∣∣∣∣∣∑
v∈Vk

e(av/p)

∣∣∣∣∣
= L2s

n∑
j=1

∑
1≤|a|≤h

a∈V j

∣∣∣∣∣∣
∑

v∈Vj+k

e(v/p)

∣∣∣∣∣∣ = L2s
n∑

j=1

N j,t (h)|S j+k(t)|

≤ 0.5t L2s .

If h < |a| ≤ (p − 1)/2, then from (3.5) we see∣∣∣∣∣ ∑
0≤x<L

e(ax/p)

∣∣∣∣∣ � p/h � Lp−ε.

And because trivially ∣∣∣∣∣∑
v∈Vk

e(av/p)

∣∣∣∣∣ ≤ t,

we obtain

σ2 �
∑

h<|a|≤(p−1)/2

t L2s p−2sε ≤ t L2s p1−2sε � t L2s p−ε.

Therefore Q ≥ 0.5t L2s p−1 + O(t L2s p−1−ε), thus Q > 0 provided that p is
large enough and the claimed result follows.

For a non-negative integer h < p, we denote by Nt (h) the number of
solutions of the congruence

ux ≡ y (mod p), 0 < |x |, |y| ≤ h, u ∈ V .

Thus for any α with 1/4 ≤ α ≤ 1/2 and any k = 1, . . . , n we have

n∑
j=1

N j,t (h)|S j+k(t)| ≤
(

n∑
j=1

N j,t (h)
2

)α ( n∑
j=1

N j,t (h)

)1−2α

×
(

n∑
j=1

|S j (t)|2
)2α−1/2 ( n∑

j=1

|S j (t)|4
)1/2−α

.

Clearly,
n∑

j=1

N j,t (h)
2 = Nt (h),

n∑
j=1

N j,t (h) = 2h. (7.1)



52 Multiplicative Translations of Sets

The other two sums can be expressed in term of the quantities σ2s(p, V ) and
Ts(p, V ) which have been defined in Chapter 3.

n∑
j=1

|S j (t)|2s <
1

t
σ2s(p, V ) = p

t
Ts(p, V ).

Therefore we see that for any α with 1/4 ≤ α ≤ 1/2 and any k = 1, . . . , n,
we have

n∑
j=1

N j,t (h)|S j+k(t)| ≤ (2h)1−2α pαtα−1/2 Nt (h)
αT4(p, V )1/2−α. (7.2)

In particular, for any t , we can select α = 1/2 and get the inequality
n∑

j=1

N j,t (h)|S j+k(t)| � p1/2 Nt (h)
1/2. (7.3)

For t < 0.7p2/3, Lemma 3.3 provides an upper bound on T4(p, V ) from
which, selecting α = 1/4, we derive

n∑
j=1

N j,t (h)|S j+k(t)| � p1/4h1/2 Nt (h)
1/4t3/8. (7.4)

Now our immediate goal is to get good upper bounds on Nt (h).
Obviously, the function Nt (h) is non-decreasing. Also for 0 ≤ h < p the

bounds

4h2 ≥ Nt (h) ≥ max

{
2h,

4h2

n

}
= max

{
2h,

4h2t

p − 1

}
(7.5)

hold. Indeed, the upper bound and the bound Nt (h) ≥ 2h are trivial, and from
the representations (7.1), we derive

4h2 =
(

n∑
j=1

N j,t (h)

)2

≤ n
n∑

j=1

N j,t (h)
2 = nNt (h).

Theorem 7.2 For any ε > 0 and sufficiently large p for any non-negative
h1, h2 with h1h2 ≤ p, the bound

Nt (h1h2) ≥ Nt (h1) Nt (h2)p−ε

holds.

Proof We define the function

ψ(k) = 4 max
m≤k

τ 2(m).
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Then ψ(k) ≤ kε for sufficiently large k.
We assume that h1 > 0, h2 > 0 because otherwise the inequality is trivial.
Any solution (u1, x1, y1) of the congruence

u1x1 ≡ y1 (mod p) 0 < |x1|, |y1| ≤ h1, u1 ∈ V

and any solution (u2, x2, y2) of the congruence

u2x2 ≡ y2 (mod p) 0 < |x2|, |y2| ≤ h2, u2 ∈ V

defines the solution (u = u1u2, x = x1x2, y = y1 y2) of the congruence

ux ≡ y (mod p) 0 < |x |, |y| ≤ h1h2, u ∈ V .

Also, because h1h2 ≤ p, any solution of the last equation corresponds to at
most ψ(h1h2) ≤ ψ(p) pairs of solutions of the two previous congruences.
This implies the assertion of the theorem.

Corollary 7.3. For any h1 and h2 such that 1 ≤ h1 ≤ h2 < p, the following
inequality holds:

Nt (h1) � h1 Nt (h2)

h2
pε.

Proof Denote h3 = �h2/h1�. From (7.5) and Theorem 7.2 we obtain

Nt (h2) ≥ Nt (h1h3) � Nt (h1)Nt (h3)p−ε

≥ Nt (h1)h3 p−ε � Nt (h1)h2

h1
p−ε,

as required.

Theorem 7.4 For any h ≥ 1 the following inequality holds:

Nt (h) ≤ 225
h2

p
(t + Nt (�p/2h�)).

Proof It is easy to prove the theorem for h > p/2. Let us consider that
h < p/2. We follow the ideas of the proof of Theorem 1.2 from [31] and
Lemma 4 from [57]. We set

m =
⌊

0.5

(
p

2h
− 1

)⌋
, bk = π2(2m + 1 − k)

4(2m + 1)2
, |k| ≤ 2m,

and define the functions

f (x) =
∑

|k|≤2m

bke(kx/p), F(x) =
∑
u∈V

f (ux).
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We have

0 ≤ bk ≤ b0 < 15h/p, |k| ≤ 2m. (7.6)

For any x we have,

f (x) = π2

4(2m + 1)2

∣∣∣∣∣ 2m∑
s=0

e(sx/p)

∣∣∣∣∣
2

≥ 0.

Also we have

f (x) = π2

4(2m + 1)2

∣∣∣∣∣ 2m∑
s=0

e(sx/p)

∣∣∣∣∣
2

= π2

4(2m + 1)2

∣∣∣∣e ((2m + 1)x/p) − 1

e(x/p) − 1

∣∣∣∣2
=

(
π sin (π(2m + 1)x/p)

2(2m + 1) sin (πx/p)

)2

.

Using the inequalities
2

π
|ψ | ≤ | sinψ | ≤ |ψ |

which holds for −π/2 ≤ ψ ≤ π/2, we deduce that f (x) ≥ 1 for |x | ≤ h ≤
p/2(2m + 1).
From the previous inequalities, one can deduce

p−1∑
x=0

F2(x) ≥ t Nt (h). (7.7)

As in [31], we denote by w(k, l) the number of solutions of the congruence

ku1 ≡ lu2 (mod p), u1, u2 ∈ V .

Taking into account (7.6), we get

1

p

p−1∑
x=0

F2(x) =
∑

|k|,|l|≤2m

bkblw(k, l) ≤
(

15h

p

)2 ∑
|k|,|l|≤2m

w(k, l)

=
(

15h

p

)2
(
w(0, 0) +

∑
1≤|k|,|l|≤2m

w(k, l)

)

≤
(

15h

p

)2

t (t + Nt (2m)).

The combination of the last inequality with (7.7) completes the proof of the
theorem.
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Corollary 7.5. If 0 ≤ h ≤ p and

Nt (h) > 450
h2t

p
,

then

Nt

(⌊
h2

p

⌋)
< 450

h2

p1−ε
.

Proof It follows from Theorem 7.4 that

225
h2

p
Nt (�p/2h�) ≥ Nt (h) − 225

h2t

p
> Nt (h)/2,

or

Nt (h) < 450h2 p−1 Nt (�p/2h�).
On the other hand, by Theorem 7.2,

Nt (h) ≥ Nt

(⌊
p

2h

⌋)
Nt

(⌊
h2

p

⌋)
p−ε.

The two previous inequalities immediately imply the desired result.

Corollary 7.6. For

0 ≤ h ≤ p

(450t)2

the bound

Nt (h) � hpε

holds.

Proof The assertion is evident for h = 0. Let h > 0 and h1 = 1 + ⌊
(hp)1/2

⌋
.

Then

h1 < 2(hp)1/2 ≤ p

225t
,

and, by (7.5),

Nt (h1) ≥ 2h1 > 450
h2

1t

p
.

We can apply Corollary 7.5 to h1. Setting ν = h2
1/p, we have

Nt (�ν�) � νpε,
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and, therefore, since h ≤ �ν�, from Corollary 7.3, we obtain

Nt (h) � hNt (�ν�)
�ν� � hpε,

and we have the desired estimate.

Corollary 7.7. For t < p1/3 and 1 ≤ h < p, the bound

Nt (h) � max

{
h,

h2t

p

}
pε

holds.

Proof Let h0 = 4502 �p/t . If h ≥ h0, then taking into account that t < p1/3,
we obtain

�p/2h� < t/4502 ≤ p

(450t)2
.

Now from Theorem 7.4 and Corollary 7.6,

Nt (h) ≤ 225h2 p−1(t + Nt (�p/2h�)) � h2 p−1+ε(t + p/h) � h2tp−1+ε.

In particular, the last inequality holds for h = h0, and we can also write

Nt (h0) � h0 pε,

and, by Corollary 7.3, we get Nt (h) � hpε for any h ≤ h0.

We believe that in fact the bound of Corollary 7.7 holds for any t .

Question 7.8. Prove that for any t and 1 ≤ h < p, the bound

Nt (h) � max

{
h,

h2t

p

}
pε

holds.

We remark that Corollary 7.5 shows that for any p1/2 ≤ H < p, this is true
for at least one of the numbers h = H or h = ⌊

H2/p
⌋

. It is also true for
t < p1/3. Below we show that it holds for t ≥ p1/3 as well, provided that h is
large enough.

Corollary 7.9. For t ≥ p1/3 and h ≥ p3/4t−1/4,

Nt (h) � h2tp−1+ε.
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Proof Let us define

h1 =
⌊

p1/2t1/2
⌋
, h2 =

⌊
h1/2

1

⌋
, h3 = �p/2h� .

From Theorem 7.4, we obtain

Nt (h1) ≤ 225h2
1 p−1(t + Nt (�p/2h1�)).

Remarking that �p/2h1�2 ≤ h1 ≤ p and from Theorem 7.2, we obtain

Nt (�p/2h1�) ≤ Nt

(
�p/2h1�2

)1/2
pε ≤ Nt (h1)

1/2 pε,

therefore

Nt (h1) � h2
1 p−1

(
t + Nt (h1)

1/2
)

pε/2 ≤ t
(

t + Nt (h1)
1/2
)

pε/2.

Hence Nt (h1) ≤ t2 pε.
Taking into account that h2

2 ≤ h1, by Theorem 7.2, we obtain

Nt (h2) � Nt (h1)
1/2 pε/2 � tpε.

Because h3 ≤ h2 for h ≥ p3/4t−1/4, from Theorem 7.4, we see that

Nt (h) ≤ 225
h2

p
(t + Nt (h3)) ≤ 225

h2

p
(t + Nt (h2)).

From the previous inequality, we obtain the required result.

The above bounds can be combined and iterated in many possible ways to
get the best possible estimate of Nt (h) which then can be substituted in (7.2).
Here we give only one example which is important for applications to the
predictability of the 1/M-pseudo-random number generator in Chapter 11.

Theorem 7.10 For any ε > 0 and t ≥ p1/2, the bound

Hp(t) � p34/37+ε

holds.

Proof First of all we remark that for t ≥ 0.7p2/3, the statement of the
theorem follows from Lemma 7.1 and the bounds (7.3) and (7.5) applied with
h = ⌊

p3/37
⌋

(because in this case p1/2 Nt (h)1/2 � p1/2h � p1/2+3/37 =
o(p2/3)).
Now assume that t < 0.7p2/3, thus we can use the bound (7.4). We also
assume that ε is small enough.
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For a sufficiently small δ > 0, we define

L =
⌈

0.5p20/37−δ
⌉
, h =

⌊
L2/p

⌋
and remark that h6 < L .
If

Nt (L) > 450
L2t

p
,

then from Corollary 7.5 we obtain

Nt (h) ≤ hpδ.

Otherwise, from Theorem 7.2 and Corollary 7.3 we derive

Nt (h)
6 � Nt (h

6)pδ/2 � Nt (L)h6

L
pδ.

Therefore

Nt (h) � h(Nt (L)/L)1/6 pδ/6 � h(Lt/p)1/6 pδ/6 � ht1/6 p−17/222.

Because t1/6 p−17/222 ≥ pδ for t ≥ p1/2 and sufficiently small δ, we may
apply this bound in the first case as well. Thus we always have

Nt (h) � ht1/6 p−17/222 � p3/37t1/6 p−17/222 = t1/6 p1/222.

Substituting it in (7.4), we see that for any k = 1, . . . , n,
n∑

j=1

N j,t (h)|S j+k(t)| � p1/4h1/2 Nt (h)
1/4t3/8

� p1/4 p3/74−δt1/24 p1/888t3/8

= p7/24−δt5/12 < 0.5t

for sufficiently large t . Now from Lemma 7.1, we derive that Hp(t) �
p1+δh−1 � p34/37+3δ . Putting δ = ε/3, we obtain the desired results.

Unfortunately, we do not know if our result is the best possible even if t is
of order p1/2, even less do we know about other values of t . Moreover, we
know examples showing that for some larger values of t , better estimates are
possible. Finally, one can try to combine these considerations with estimates
which follow from the Burgess bound of character sums (see Chapter 6
of [52]).

Question 7.11. For each t, find the optimal values of α and the optimal way
of combining the above estimates of Nt (h) in order to get the smallest possible
value on the right-hand side of (7.2).
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Multiplicative Translations of Arbitrary Sets
Modulo p

In [31] the following problem has been considered, which is related to con-
structing and improving pseudo-random numbers.

For a set R ⊆ Fp and a ∈ F∗
p, we denote by a R its multiplicative translation

by a,

a R = {au : u ∈ R}

where multiplication means the multiplication over Fp.
Then, for a set R ⊆ Fp, we denote by µ(R) its smallest element

µ(R) = min
u∈R

u

(as usual it is supposed that Fp = {0, 1, . . . , p − 1}).
Finally, for a set R ⊆ Fp, we define

M(R) = 1

p(p − 1)

p−1∑
a=1

µ(a R).

We would like to know what can be said about this function M(R) for

• arbitrary sets R;

• certain interesting sets R;

• specially constructed extremal sets.

First of all, we note that paper [31] provides the bounds

1

2r
− 1

pr
≤ M(R) ≤ 100

r1/2

59
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which hold for any prime p and any set R ⊆ Fp of cardinality |R| = r , while
‘on average’ over all r -element sets R ⊆ Fp,(

p

r

)−1 ∑
R⊆F p
|R|=r

M(R) = 1

r + 1
.

Also, for the special sets Ir = {1, . . . , r} and Jr = {±1, . . . ,±t} (here r =
2t),

M(Ir ) = αr
ln r

r
+ O(r p−1), M(Jr ) = βr

1

r
+ O(r p−1)

where the constants αr and βr satisfy

lim
r→∞αr = π2

24
= 0.41 . . . , lim

r→∞βr = 12 ln 2

π2
= 0.84 . . . .

Another interesting set considered in [31] is the set Qr of quadratic non-
residues modulo p where r = (p − 1)/2. It was shown that M(Qr ) =
(1 + Np)/2p where Np is the smallest quadratic non-residue. Now one can
apply all known results about the size of Np. In particular, it was mentioned
in [31] that known estimates of Np imply that

M(Qr ) � ln r Ln Ln ln r

r

infinitely often. A conjecture was posed that M(R) = O(r−1+ε) for any p
and any r -element set R ⊆ Fp. This conjecture is very strong, in particular, it
implies the estimate Np = O(pε).

Here we show that for any p, one can find an r -element set R (with some
r > p/2) satisfying a stronger estimate (note that the bigger the cardinality of
R is the smaller M(R) should be).

Theorem 8.1 For any sufficiently large p, there exists R ⊆ Fp of cardinality
|R| = r > p/2 and such that

M(R) ≥ 0.05
ln r Ln ln r

r
.

Proof Let p1, . . . , ps be all primes less than n = �0.4 ln p Ln ln p�, and let ϑ
be a primitive root modulo p. Denote by d1, . . . , ds the discrete logarithms of
p1, . . . , ps in base ϑ , that is, ϑd j ≡ p j (mod p), j = 1, . . . , s. As before, for
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real u, we denote by ‖u‖ the distance from u to the nearest integer. We have

s∏
j=1

10 ln n

ln p j
≤ (10 ln n)s

∏
p j>n/ ln2 n

1

ln p j

≤ (10 ln n)s(ln n − 2 Ln ln n)−s+n/ ln2 n

≤ 10s(1 − 2 Ln ln n/ ln n)−s(ln n)n/ ln2 n

= 10s+o(s) = 100.4 ln p+o(ln p) = p0.4 ln 10+o(1) < p0.93,

provided that p is large enough.
Therefore, by Dirichlet’s principle, there exists a positive integer k < p0.93

such that ∥∥∥∥ d j k

p − 1

∥∥∥∥ <
ln p j

10 ln n
, j = 1, . . . , s.

Assume that ϑd ≡ m (mod p) with 1 ≤ m ≤ n and let α j be the largest power
of p j dividing m, j = 1, . . . , s. We have∥∥∥∥ dk

p − 1

∥∥∥∥ ≤
s∑

j=1

α j

∥∥∥∥ d j k

p − 1

∥∥∥∥ <

s∑
j=1

α j
ln p j

10 ln n
= ln m

10 ln n
≤ 0.1.

Denote

R =
{
ϑd :

∥∥∥∥ dk

p − 1

∥∥∥∥ > 0.24

}
, A =

{
ϑd :

∥∥∥∥ dk

p − 1

∥∥∥∥ < 0.14

}
.

We have r = |R| = 0.52p + o(p) > 0.5p and |A| = 0.28p + o(p) >

0.25p provided that p is large enough. Because of the choice of k, we obtain
µ(a R) > n for a ∈ A. Therefore,

M(R) >
|A|(n + 1)

p(p − 1)
≥ 0.25(n + 1)

p
≥ n + 1

8r

and the estimate follows.

We finish this chapter with a remark that the bit complexity of the con-
struction of the set R of Theorem 8.1 is O(p ln1+ε p), that is O(ln1+ε p) per
element.
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Applications to Algebraic Number Fields
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Representatives of Residue Classes

Let q be an integer ideal of an algebraic number field K. For a residue class
α ∈ 
q, denote by Nq(α) the minimal norm of all elements of α,

Nq(α) = min
a∈α |Nm(a)|,

and let L(K, q) and A(K, q) be the largest and average values of Nq(α) over
all residue classes of 
∗

q. That is, we set

L(K, q) = max
α∈
∗

q

Nq(α), A(K, q) = 1

ϕ(q)

∑
α∈
∗

q

Nq(α).

It is easy to see that A(K, q) ≤ L(K, q) = O(Nm(q)). Upper bounds for the
implied constant in this estimate are obtained in [11] where some connections
of this problem with the theory of diophantine approximation are displayed.

We also note that the inequality

L(K, q) < Nm(q)

(even for principal ideals only) would mean that K is Euclidean with respect
to its norm (so far very few examples of such fields are known, see [49, 50, 65,
70], a complete catalogue of known Euclidean number fields is given in [48]).
On the other hand, upper bounds on L(K, q) and A(K, q) show that perhaps,
in some sense, any algebraic number field is ‘nearly’ Euclidean or is at least
Euclidean ‘on average’.

It is interesting to note that a criterion for Euclidicity (with respect to
the field norm) also relies on a certain property of finitely generated groups
(see [48, 49, 65, 70] and Chapter 16 of this book). Moreover, Euclidicity with
respect to some other function (a certain modification of the norm) is related
to Artin’s conjecture and its modifications (see [50]).

Now suppose that K has r ≥ 1 principal units; that is, that K is neither the
field of rationals Q nor an imaginary quadratic extension of Q.

65
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It is shown in [12] that A(K, p) = o(pn) for almost all p in the sense of the
asymptotic density of rational prime numbers p. From here on, we identify
integer algebraic numbers and the corresponding principal ideals. Thus,

A(K, q) = o(Nm(q)) (9.1)

for some infinite sequence of integer ideals q. In [12] this result is formulated
in a slightly different but equivalent form.

Thus in fields with r ≥ 1, the behavior of A(K, q) differs from that of
A(Q, q) with integers q ≥ 2, for there, one has

A(Q, q) = q−1
∑

−q/2≤a<q/2

|a| = q/4 + O(1).

The results of [12] are improved in [79]. It is shown in that paper that
A(K, p) = O(pn(ln p)−1/3) and that A(K, p) = O(pn−1/6(ln p)1/3) for all
and almost all rational prime numbers p, respectively. Thus in place of (9.1),
we see that there is an infinite sequence of integer ideals q with

A(K, q) = O
(

Nm(q)1−1/6n (ln Nm(q))1/3
)
. (9.2)

Here we consider prime ideals p and their powers pk instead of just principal
ideals (p). This allows us to get bounds which are much stronger than (9.1)
and (9.2). Moreover, for almost all prime ideals p, we obtain a non-trivial
upper bound for L(K, p) as well.

Although we shall apply Lemmas 9.1 and 9.2 to prime ideals of the first
degree, these results are stated for an arbitrary prime ideal.

Throughout this chapter, U denotes the group of principal units of ZK.

Lemma 9.1. For any prime ideal p, the bound

A(K, p) = O(Nm(p)|Up|−1/2)

holds.

Proof Fix an integral basis ω1, . . . , ωn of ZK over Z (see Theorem 2.5
of [65]), and for h > 0, denote by B the box

B = {z = z1ω1 + · · · + znωn ∈ ZK : |zi | ≤ h, i = 1, . . . , n}.
For an arbitrary fixed primitive additive character χ of 
p and λ ∈ 
p, we
define the sums

S(λ) =
∑

u∈Up

χ(λu), T (λ, h) =
∑
z∈B

χ(λz).
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In the sequel we make repeated use of the well-known result∑
λ∈
p

χ(λϑ) =
{

Nm(p), if ϑ ≡ 0 (mod p),

0, otherwise.

Denote by Tα(U, p, h) the number of solutions of the congruence

αu ≡ x − y (mod p), u ∈ Up, x, y ∈ B, (9.3)

and let R(U, p, h) be the set of α ∈ 
∗
p with Tα(U, p, h) = 0. We shall now

show that

|R(U, p, h)| = O
(

Nm(p)|Up|−1(1 + Nm(p)2/h2n)
)
. (9.4)

Indeed, we have

Tα(U, p, h) = Nm(p)−1
∑

u∈Up

∑
x,y∈B

∑
λ∈
p

χ (λ(αu − x + y))

= |B|2|Up|/Nm(p) + Nm(p)−1
∑
λ∈
∗

p

S(αλ) |T (λ, h)|2.

Summing this equation over all α ∈ R(U, p, h) we get

|R(U, p, h)| ≤ W/|B|2|Up|
where

W =
∑

α∈R(U,p,h)

∑
λ∈
∗

p

|S(αλ)||T (λ, h)|2

=
∑
λ∈
∗

p

|T (λ, h)|2
∑

α∈R(U,p,h)

|S(αλ)|.

Then, from (3.1) we get

∑
α∈R(U,p,h)

|S(αλ)| ≤
|R(U, p, h)|

∑
α∈
p

|S(αλ)|2
1/2

=
|R(U, p, h)|

∑
α∈
p

|S(α)|2
1/2

= (|R(U, p, h)|Nm(p)|Up|)1/2.

Therefore,

W ≤ (|R(U, p, h)|Nm(p)|Up|)1/2
∑
λ∈
p

|T (λ, h)|2.
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It is easy to see that ∑
λ∈
p

|T (λ, h)|2 = Nm(p)Q(h)

where Q(h) is the number of solutions of the congruence

x ≡ y (mod p), x, y ∈ B.

This can be estimated as O(|B|(|B|/Nm(p) + 1)) hence∑
λ∈
p

|T (λ, h)|2 = O
(
|B|2 + |B|Nm(p)

)
. (9.5)

This implies

W = O
((|R(U, p, h)|Nm(p)|Up|

)1/2 (|B|2 + |B|Nm(p)
))

and we get the estimate (9.4).

Now, let lp(N ) and Lp(N ) be the number of classes α ∈ 
p with Np(α) = N
and Np(α) > N , respectively.

Denote by H(ϑ) the height of ϑ ∈ ZK, that is the largest absolute value of
coordinates in the representation of ϑ with respect to the basis ω1, . . . , ωn .
We have

|Nm(ϑ)| ≤ (nωH(ϑ))n ,

where ω is the maximum of absolute values of ω1, . . . , ωn and of all their
conjugates over Q. Then, it follows from the property

Np(α) = Np(αu), u ∈ Up,

that if the congruence (9.3) is solvable for some α ∈ 
p, then Np(α) ≤
(nωh)n . Therefore

Lp(N ) ≤ |R(U, p, n−1ω−1 N 1/n)|.

Using (9.4) we obtain

Lp(N ) = O
(

Nm(p)|Up|−1(1 + Nm(p)2/N 2)
)

(9.6)
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for all N > 0. Finally, we have

A(K, p) = Nm(p)−1
Nm(p)−1∑

N=1

lp(N )N

= Nm(p)−1
Nm(p)−1∑

N=1

(
Lp(N − 1) − Lp(N )

)
N

≤ Nm(p)−1
Nm(p)−1∑

N=0

Lp(N ).

Applying (9.6) if N > Nm(p)|Up|−1/2 and the trivial bound Lp(N ) ≤ Nm(p)

otherwise, we obtain the result claimed.

We note that using Lemma 3.3 instead of (3.1), for a prime ideal p of first
degree one can get the estimate

|R(U, p, h)| = O
(

Nm(p)|Up|−3/2(1 + Nm(p)4/h4n)
)

which improves (9.4) for some values of parameters but unfortunately does not
improve Lemma 9.1.

Lemma 9.2. For any prime ideal p, the bound

L(K, p) = O(Nm(p)3/2|Up|−1)

holds.

Proof We use the same notation as in the proof of Lemma 9.1. Proceeding as
before and applying (3.15) and (9.5), we get∣∣∣∣∣Tα(U, p, h) − |B|2|Up|

Nm(p)

∣∣∣∣∣ ≤ Nm(p)−1
∑
λ∈
∗

p

|S(αλ)||T (λ, h)|2

≤ Nm(p)−1/2
∑
λ∈
∗

p

|T (λ, h)|2

= O
(

Nm(p)−1/2|B|2 + Nm(p)1/2|B|
)
.

We may suppose that |Up| > Nm(p)1/2, since otherwise the bound is triv-
ial. Then there is a constant c > 0 such that Tα(U, p, h) > 0 for h =
c(Nm(p)3/2|Up|−1)1/n . Thus, Np(α) = O(hn) = O(Nm(p)3/2|Up|−1) for
any α ∈ 
p.
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Lemma 9.3. For any prime ideal p of first degree, the bound

L(K, p) = O
(

min{Nm(p)5/4|Up|−5/8, Nm(p)9/8|Up|−3/8}
)

holds.

Proof Proceeding as in the proof of Lemma 9.2 and applying the bounds (3.16)
and (3.17) instead of (3.15) in the corresponding place, we get the desired
result.

Lemma 9.4. For any unramified fixed prime ideal p of first degree, the bound

L(K, pk) = O(Nm(pk)|Upk |−1)

holds.

Proof Proceeding as in the proof of Lemma 9.2 and applying the bound (3.22)
instead of (3.15) in the corresponding place we get the desired result.

Lemma 9.5. For any group V and any integer ideal q which is relatively prime
to each generator λ1, . . . , λr , the bound

|Vq| � (ln Nm(q))r

holds.

Proof Let L be the maximum of the absolute values of λ1, . . . , λr and of all
their conjugates over Q. Evidently, for

Q =
⌊

ln Nm(q)

rn ln(2L + 1)

⌋
all Qr � (ln Nm(q))r numbers

{λx1
1 . . . λxr

r : 0 ≤ x1, . . . , xr ≤ Q − 1}
are distinct modulo q because they are distinct elements of ZK and norms of
their differences do not exceed (2Lr Q)n < Nm(q).

We also need the following well-known statement that is Corollary 2 of
Proposition 7.10 of [65] (showing that ‘almost all’ prime ideals are of the first
degree).

Lemma 9.6. The number of prime ideals p of first degree such that Nm(p) ≤
N equals N/ ln N + o(N/ ln N ).
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In the next lemma we show that, for almost all prime ideals p, |Up| can
be much better estimated. Actually, this is a generalization of Theorem 2.1.
of [72] and is obtained by using the same ideas.

Lemma 9.7. For any ρ < (1 − ln 2)/2 and any group V , the number of prime
ideals p with Nm(p) ≤ N for which

|Vp| < Nm(p)r/(r+1) exp
(
lnρ Nm(p)

)
is o(N/ ln N ).

Proof As we see from Lemma 9.6, it is enough to consider only prime ideals
p of first degree.
For some integer T > 0, consider the product

Q(T ) =
∏

0≤x1,... ,xr≤T

∏
I,J

(∏
i∈I

λ
xi
i −

∏
j∈J

λ
x j
j

)
where I , J run over all 2r disjoint partitions of the set of indices Nr =
{1, . . . , r}; that is I ∪ J = Nr and I ∩ J = ∅.
It is evident that if |Up| < (T + 1)r , then among the (T + 1)r elements

{εx1
1 . . . εxr

r : 0 ≤ x1, . . . , xr ≤ T }
there are at least two elements in the same residue class modulo p. Hence
p
∣∣ Q(T ) and Nm(p)

∣∣ Nm(Q(T )).
On the other hand, we have Nm(Q(T )) = exp

(
O(T r+1)

)
. Therefore

Nm(Q(T )) has at most O(T r+1/ ln T ) rational prime divisors.
Set

T =
⌊(

N

ψ(N )

)1/(r+1)
⌋

where ψ(N ) → ∞ is some monotonically increasing function. Then we see
that there are at most O(N/ψ(N ) ln N ) rational prime numbers p ≤ N having
a prime ideal divisor p with

|Up| <
(

p

ψ(p)

)r/(r+1)

≤ (T + 1)r .

Also, it is shown in the proof of Theorem 2.1 of [72] that there is a function
ψ(N ) → ∞ such that the number of primes p ≤ N such that p − 1 has an
integer divisor d in the range(

p

ψ(p) ln p

)r/(r+1)

≤ d ≤ pr/(r+1) exp(lnρ p)

is o(π(N )) for any ρ < (1 − ln 2)/2.
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Taking into account that |Up|
∣∣ p − 1 (since p is of first degree), we obtain the

statement.

Lemma 9.8. For any group V and unramified fixed prime ideal p of first
degree which is relatively prime to λ1, . . . , λr , there is a constant C(p) > 0
such that the bound

|Vpk | ≥ C(p)Nm(pk)

holds.

Proof If r = 1, this result is known in the following form. If tk is the
multiplicative order of λ1 modulo pk and t1 = · · · = tα �= tα+1, then tk =
t1 Nm(pk−α). Clearly, adding several more generators may only extend the
group.

Now, Lemmas 9.1 and 9.5 yield:

Theorem 9.9 Let K have r ≥ 1 multiplicatively independent principal units
and let p be a prime ideal. Then

A(K, p) = O
(

Nm(p) (ln Nm(p))−r/2
)
.

Lemmas 9.1, 9.2, 9.3, and 9.7 yield:

Theorem 9.10 Let K have r ≥ 1 multiplicatively independent principal units.
Then for any fixed ρ < (1 − ln 2)/2, the bounds

L(K, p) =
 O

(
Nm(p)1/2+1/(r+1) exp (− lnρ Nm(p))

)
, if r ≥ 2,

O
(

Nm(p)15/16 exp
(− 5

8 lnρ Nm(p)
))

, if r = 1,

and

A(K, p) = O
(

Nm(p)1/2+1/2(r+1) exp
(−0.5 lnρ Nm(p)

))
hold for a sequence of prime ideals p of asymptotic density 1.

It is evident that r + 1 ≥ n/2; see Theorem 3.6 of [65]. Thus the estimates
of Theorem 9.10 can be rewritten in the form

L(K, p) = o
(

Nm(p)1/2+2/n
)
, A(K, p) = o

(
Nm(p)1/2+1/n

)
.

Finally, Lemmas 9.4 and 9.8 yield:
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Theorem 9.11 Suppose that K has r ≥ 1 multiplicatively independent
principal units and that p is an unramified fixed prime ideal of first degree.
Then L(K, pk) = O(1).

In fact, the bound (3.23) infers that L(K, pk) = O(Nm(pk)1−1/d+ε) for any
unramified fixed prime ideal p of degree d.

Now let us make a few comments.
First of all, let us stress links of problems considered here with an appro-

priate version of Artin’s conjecture for algebraic number fields. Indeed, if
Up = 
∗

p for an infinite sequence of prime ideals p (this can be considered as
a modification of Artin’s conjecture) then L(K, p) = 1 for this sequence.

Moreover, it follows from the results of [32] that in the case of K = Q for
any group V with r ≥ 3 multiplicatively independent generators, |Vp| = p−1
for infinitely many rational prime numbers p. Unfortunately, for algebraic
number fields (even for the particular case of the unit group U ), no analogue
of this result is known.

Note that quite simple elementary considerations allow us to get the lower
bound

L(K, q) ≥ A(K, q) � Nm(q)/|Uq| (Ln ln Nm(q))n−1 , (9.7)

showing (together with Lemma 9.1) that the behavior of L(K, q) and A(K, q)

does depend on the size of Uq. To show this, denote by dn(N ) the number of
representations of integer N > 0 as a product of n different positive integers.
It follows from Lemma 4.2 of [65] that there exist at most dn(N ) integer ideals
q with Nm(q) = N . Thus there exist at most lq(N ) = O(|Uq|dn(N )) pairwise
different residue classes α ∈ 
q with Nq(α) = N . Using the two following
well-known estimates

Q∑
N=1

dn(N ) = O(Q(Ln ln Q)n−1), ϕ(q) � Nm(q)/Ln ln Nm(q)

and the evident equality

Nm(q)−1∑
N=1

lq(N ) = ϕ(q) − 1,

we get

A(K, q) = ϕ(q)−1
Nm(q)−1∑

N=1

lq(N )N

= ϕ(q)−1
Nm(q)−1∑

Q=1

(
ϕ(q) − 1 −

Q−1∑
N=1

lq(N )

)
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= ϕ(q)−1
Nm(q)−1∑

Q=1

min{0, ϕ(q) − O(|Uq|Q(Ln ln Q)n−1)}

� ϕ(q)/|Uq| (Ln lnϕ(q))n−1

� Nm(q)/|Uq| (Ln ln Nm(q))n .

In particular, one can derive from this bound that, for r = 1 (that is, n ≤ 4),
A(K, q) can be large enough. Indeed, let us consider the following sequence
of principal ideals qk = (εk − 1), k = 1, 2, . . . , where ε is a principal unit
of K. It is easy to prove that |Uqk | = O(k) = O(ln Nm(qk)) for such ideals,
hence

A(K, q) � Nm(q)/ ln Nm(q) (Ln ln Nm(q))n

for an infinite sequence of integer ideals.
We do not know any other non-trivial general lower bounds for L(K, q) and

A(K, q) (in terms of Nm(q) only). Any of them would be very interesting.
One sees that there is a large gap between (9.7) and the upper bound of

Lemma 9.1, but (9.7) seems to be more precise.

Question 9.12. Extend Lemma 9.1 to arbitrary integer ideal q.

There are some difficulties with zero divisors of 
∗
q but none the less

we believe it is possible to obtain the generalization. If Lemma 9.1 were
generalized in this way, one could get an analogue of Lemma 9.7 for almost
all integer ideals and the estimate of A(K, q) would be better than that which
would simply follow from Lemma 9.5.

Question 9.13. Does the bound

A(K, q) = O
(

Nm(q)|Uq|−1+δ
)

hold for an arbitrary integer ideal q and any δ > 0 (at least for a prime ideal
p)?

As we have mentioned, one cannot hope to get even the following ‘weak’
estimate L(K, q) = o (Nm(q)) for all integer ideals. However, we do believe
that the answer to the following question is positive.

Question 9.14. Does the bound

L(K, q) = o (Nm(q))

hold for ‘almost all’ integer ideals q?

The following question (actually three separate questions) seems to be really
hard.
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Question 9.15. Find the distribution of A(K, q) and L(K, q) on the sets of

• all integer ideals;
• all prime ideals;
• all principal ideals; and on other interesting sets.

If we could prove that L(K, q) = o (Nm(q)) (or at least A(K, q) =
o (Nm(q))) for almost all principal ideals, it would mean that any algebraic
number field is ‘nearly’ Euclidean and moreover the analogue of Euclid’s
algorithm would work and would even run in a sub-logarithmic number of
steps for the majority of inputs. That makes the situation quite different from
that of Euclid’s algorithm for integers, where it performs a logarithmic number
of steps in both worst and average cases.

Finally, we note that if we keep in mind applications to Euclid’s algorithm,
then the following question is of interest.

Question 9.16. How fast can one find a ∈ α with |Nm(a)| = Nq(α) for
any (or ‘almost any’) integer ideal q and any (or ‘almost any’) residue class
α ∈ 
∗

q?

A detailed exhibition of many problems related to the Euclid algorithm in
algebraic number fields is given in [8].
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Cyclotomic Fields and Gaussian Periods

Let p be a prime, and let g ≥ 2 be a fixed primitive root modulo p.
In papers [20, 21, 22] relations were discovered between the distribution of

the g-ary digits of 1/p and some properties of the minus part h−(p, s) of the
class numbers of the subfield Ks ⊆ Q(e(1/p)) of degree [Ks : Q] = s where
s is an even divisor of p − 1 but 2s is not.

Denote by δx , 0 ≤ δx ≤ g − 1, the g-ary digits of 1/p,

1

p
=

∞∑
x=1

δx g−x .

Since g is a primitive root modulo p, the sequence δ1, δ2, . . . , is periodic with
the smallest period p − 1.

For a divisor s|p − 1 and j = 0, 1, . . . , s − 1, we denote

Tj (p, s, g) =
(p−1)/s∑

x=1

δsx+ j − (g − 1)(p − 1)

2s
.

The relation between Tj (p, s, g) and h−(p, s) is given by the following result
which is Theorem 1 of [21]. Let s be even and let p ≡ s + 1 (mod 2s). Then

h−(p, s) = 2γ (s, p)

gr + 1

∏
ζ∈C,

ζr =−1

r∑
j=1

Tj (p, s, g)ζ j (10.1)

where r = s/2, and

γ (s, p) =
{

p, if p = s + 1,
1, otherwise.

76
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We put

T (p, s, g) = max
0≤ j≤s−1

|Tj (p, s, g)| τ(p, s, g) = 1

s

[
s−1∑
j=0

|Tj (p, s, g)|2
]1/2

.

Theorem 10.1 The bound

T (p, s, g) � min{p1/2, p5/8s−3/8, p3/4s−5/8}g ln p

holds.

Proof It is easy to see that δx = d if and only if

d

g
≤
{

gx−1

p

}
<

d + 1

g
.

These inequalities are equivalent to gx ≡ y (mod p) with some y from the
interval dp/g ≤ y < (d + 1)p/g. Thus

(p−1)/s∑
x=1

δsx+ j = 1

p

g−1∑
d=0

d
(p−1)/s∑

x=1

∑
dp/g≤y<(d+1)p/g

×
(p−1)/2∑

a=−(p−1)/2

e
(

a(gsx+ j−1 − y)/p
)
.

Changing the order of summation and separating the term corresponding to
a = 0, we get

|Tj (p, s, g)|

≤ 1

p

∣∣∣∣g−1∑
d=0

d
∑

1≤|a|≤(p−1)/2

∑
dp/g≤y<(d+1)p/g

e(−ay/p)
(p−1)/s∑

x=1

e(agsx+ j−1/p)

∣∣∣∣
= 1

p

∣∣∣∣∣
g−1∑
d=1

∑
1≤|a|≤(p−1)/2

∑
dp/g≤y<p

e(−ay/p)
(p−1)/s∑

x=1

e(agsx+ j−1/p)

∣∣∣∣∣
≤ 1

p

g−1∑
d=0

∑
1≤|a|≤(p−1)/2

∣∣∣∣∣ ∑
dp/g≤y<p

e(ay/p)

∣∣∣∣∣
∣∣∣∣∣
(p−1)/s∑

x=1

e(ag j−1gsx/p)

∣∣∣∣∣.
Applying the bounds (3.15), (3.16) and (3.17) after simple evaluations, we
obtain the result.
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Theorem 10.2 The bound

τ(p, s, g) = O(gp1/2s−1 ln p)

holds.

Proof Proceeding as in the proof of Theorem 10.1, we obtain

τ(p, s, g)2

≤ 1

p2s2

s−1∑
j=0

[
g−1∑
d=0

∑
1≤|a|≤(p−1)/2

∣∣∣∣∣ ∑
dp/g≤y<p

e(ay/p)

∣∣∣∣∣
×
∣∣∣∣∣
(p−1)/s∑

x=1

e(agsx+ j−1/p)

∣∣∣∣∣
]2

� g2

s2

s−1∑
j=0

[ ∑
1≤|a|≤(p−1)/2

1

|a|

∣∣∣∣∣
(p−1)/s∑

x=1

e(agsx+ j−1/p)

∣∣∣∣∣
]2

= g2

s2

s−1∑
j=0

∑
1≤|a|,|b|≤(p−1)/2

1

|a||b|
(p−1)/s∑
x,y=1

e
(
(agsx − bgsy)g j−1/p

)

= g2

s2

∑
1≤|a|,|b|≤(p−1)/2

1

|a||b|
(p−1)/s∑
x,y=1

s−1∑
j=0

e
(
(agsx − b)gsy+ j−1/p

)

= g2

s2

∑
1≤|a|,|b|≤(p−1)/2

1

|a||b|
(p−1)/s∑

x=1

p−1∑
c=1

e
(
(agsx − b)c/p

)
.

The inner sum is equal to p − 1 if b ≡ agsx (mod p) (thus only for at most
one x for each pair of a and b) and to −1 otherwise. Taking into account that
the total sum is a positive number we may drop the negative terms. Therefore

τ(p, s, g)2 � g2 p

s2

∑
1≤|a|,|b|≤(p−1)/2

1

|a||b| � g2 ps−2 ln2 p

and the bound follows.

Applying the geometric-mean–arithmetic-mean inequality to (10.1), we
obtain∏

ζ∈C,
ζr =−1

∣∣∣∣∣ r∑
j=1

Tj (p, s, g)ζ j

∣∣∣∣∣
2/r

≤ 1

r

∑
ζ∈C,

ζr =−1

∣∣∣∣∣ r∑
j=1

Tj (p, s, g)ζ j

∣∣∣∣∣
2

=
r∑

j=1

|Tj (p, s, g)|2 = 0.5s2τ 2(p, s, g)
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since it is easy to see that Tj (p, s, g) = −Tj+r (p, s, g), j = 1 . . . , r . Thus
we get from (10.1)

h−(p, s) ≤ 2−s/4+1γ (s, p)ss/2τ s/2(p, s, g)

gs/2 + 1
.

Hence, Theorem 10.2 entails that

h−(p, s)1/s � p1/4s−1/4 ln1/2 p.

Now we consider another question which leads to quite a different connection
between cyclotomic fields and the distribution of gx modulo p.

Let p be prime. For a divisor t of p − 1, Gt denotes the subgroup of F∗
p of

size |Gt | = t which is the group of sth powers of F∗
p where s = (p−1)/t . Let

R(t, p, a) be the number of representations a = g0 + · · · + gs−1 of a ∈ Fp as
a sum of elements g0, . . . , gs−1 from each coset of Gt , that is the number of
solutions of the equation

a =
s−1∑
j=0

ϑ j+x j s, 0 ≤ x1, . . . , xs−1 ≤ t − 1,

where ϑ is a primitive root of Fp. This question is studied in papers [62, 63]. It
turns out that it has surprisingly many relations to a number of quite different
deep problems of number theory.

In those papers, it is shown that R(t, p, a) takes only two different values:
R(t, p, 0) and the same values for all non-zero a ∈ Fp. Thus R(t, p, 0)+(p−
1)R(t, p, 1) = t s . Also, there is one more non-trivial relation

R(t, p, 0) − R(t, p, 1) =
s−1∏
j=0

η j ,

where

η j =
t−1∑
x=0

e(ϑ j+xs/p), j = 0, . . . , s − 1,

are Gaussian periods, see [62, 63].
It is known that η j , j = 0, . . . , s − 1, are conjugate integer algebraic

numbers. Therefore, from now on we may concentrate on studying the norm
NmQ(η0)/Q(η0). Actually, it is more convenient to work with

N (t, p) = |NmQ(η0)/Q(η0)|1/s .

To see the connection to the cyclotomic field Q (e(1/p)), we observe that
Q(η0) = Ks , where Ks is the unique subfield of Q (e(1/p)) of degree
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[Ks : Q] = s (thus precisely the same Ks we discussed above) and

η0 = TrQ(e(1/p))/Ks (e(1/p)),

thus

N (t, p) = ∣∣NmKs/Q

(
TrQ(e(1/p))/Ks (e(1/p))

)∣∣1/s
.

In [62] the following way to estimate N (t, p) was proposed. The geometric-
mean–arithmetic-mean inequality implies

N (t, p) ≤
(

s−1
s∑

j=1

|η j |2
)1/2

.

The last sum can be computed precisely and is equal to p − t (it is another
version of the second identity in (3.2)) and we obtain

N (t, p) < t1/2. (10.2)

Also, in [63] a very nice asymptotic formula for ln N (t, p) (when p → ∞)
was conjectured.

Let m = ϕ(t) and let �t (X) be the t th cyclotomic polynomial. We define
polynomials Li (X) of degree deg Li < m from the congruences

Li (X) ≡ Xi (mod �t (X)), i = 0, . . . , t − 1.

Now for a vector x = (x0, . . . , xm−1), we consider linear forms L̃i (x) obtained
from the polynomials Li (X), i = 0, . . . , t − 1 by replacing X j with x j , j =
0, . . . ,m − 1. Now we can define the function

F(x0, . . . , xm−1) = F(x) =
t∑

i=1

e
(
L̃i (x)

)
.

Then the conjecture is that, if t is a fixed prime and p → ∞, then

ln N (t, p) ∼
∫

· · ·
∫

[0,1]m
ln |F(x)| dx. (10.3)

Let us explain the very natural reasons leading to this conjecture. Put g = ϑ s .
First of all we note that since gi ≡ Li (g) (mod p), i = 0, . . . , t − 1, then

η j = F(ϑ j/p, ϑ j g/p, . . . , ϑ j gm−1/p), j = 0, . . . , s − 1.
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It is evident that

N (t, p) =
s−1∏
j=0

F(ϑ j/p, ϑ j g/p, . . . , ϑ j gm−1/p)1/s

=
p−1∏
a=1

F(a/p, ag/p, . . . , agm−1/p)1/(p−1).

It follows from Theorem 12 [63], that the sequence of points

(a/p, ag/p, . . . , agm−1/p), a = 1, . . . , p − 1,

is asymptotically (for p → ∞) uniformly distributed modulo 1 in the
(m −1)-dimensional unit cube. Moreover, a version of the bound (12.5) below
and the Erdős–Turan inequality can be used to give an explicit bound for its
discrepancy. In particular, for any continuous function f (x0, . . . , xm−1),

1

p − 1

p−1∑
a=1

f (a/p, ag/p, . . . , agm−1/p)

∼
∫ 1

0
. . .

∫ 1

0
f (x0, . . . , xm−1) dx0 . . . dxm−1

and even the error term can be estimated. Unfortunately, the function ln |F(x)|
is not continuous. This is the main reason why we still cannot prove (10.3).

Nevertheless, in [63], it was proved for t = 3 (that is, s = (p−1)/3). In this
case, the set of singular points of ln |F(x1, x2)| is finite while for t ≥ 5, it is
not. Cases of t = 2 and t = 4 are even simpler, N (2, p) = N (4, p) = 1. We
remark that, in any case, the integral in (10.3) can be used as the upper bound
for ln N (t, p) in the following form, for any prime t

lim sup
p→∞

ln N (t, p) ≤
∫

· · ·
∫

[0,1]m
ln |F(x)| dx. (10.4)

To see this, as in [63], one may consider the continuous function

G M (x) = max {−M, ln |F(x)|}
for which we have

lim sup
p→∞

ln N (t, p) ≤ 1

p − 1

p−1∑
a=1

ln G M (a/p, ag/p, . . . , agm−1/p)

∼
∫

· · ·
∫

[0,1]m
ln |G M (x)| dx.

Taking M → ∞, we obtain the required inequality.
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Although at the moment it is not clear how to prove (10.3) in the full
generality, below we compute the integral in the right-hand side of (10.4)
which can be used as an upper bound (presumably, an approximate value) of
ln N (t, p) for t → ∞ and large p compared with t . We need the following
statement.

Lemma 10.3. For any ε > 0,

(i) there is a polynomial Q1(x) such that Q1(x) ≥ ln x for all x > 0 and∫ ∞

0
(Q1(x) − ln x) e−x dx ≤ ε;

(ii) there is a polynomial Q2(x) such that Q2(x) ≥ ln x for all x > 0 and∫ ∞

0
(Q2(x) − ln x) e−x/2x−1/2 dx ≤ ε.

Proof Put δ = ε/5. First of all, we remark that one can find a function g(x)
with first continuous derivative and such that

g(x) ≥ ln x + δex/2,

∫ ∞

0
|g′(x)|e−x dx < ∞

and ∫ ∞

0
g(x)e−x dx ≤

∫ ∞

0
(ln x + δex/2)e−x dx + δ;

hence ∫ ∞

0
(g(x) − ln x) e−x dx ≤ 3δ.

Such a function g(x) can be obtained from a smooth approximation from above
of ln x + δex/2 in a ‘small’ neighborhood of 0.

Taking into account that polynomials form a complete system with respect to
the L2-norm with weight e−x on [0,∞), we see that∫ ∞

0

(
P(x) − g′(x)

)2
e−x dx ≤ δ2

for some polynomial P(x). Now we define the polynomial Q1(x) as follows

Q1(x) = g(0) +
∫ x

0
P(u) du.
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Then for any x ∈ [0,∞), we have

|Q1(x) − g(x)| =
∫ x

0

∣∣P(u) − g′(u)
∣∣ du

≤
(∫ x

0

(
P(u) − g′(u)

)2
e−u du

)1/2 (∫ x

0
eu du

)1/2

≤ δex/2.

Thus Q1(x) ≥ g(x) − δex/2 ≥ ln x and∫ ∞

0
(Q1(x) − g(x)) e−x dx ≤ δ

∫ ∞

0
e−x/2 dx ≤ 2δ.

Furthermore,∫ ∞

0
(Q1(x) − ln x) e−x dx

=
∫ ∞

0
(Q1(x) − g(x)) e−x dx +

∫ ∞

0
(g(x) − ln x) e−x dx ≤ 5δ = ε.

Similar considerations could be used to construct Q2(x) as well.

Theorem 10.4 For t → ∞,∫
· · ·

∫
[0,1]m

ln |F(x)| dx

≤ 0.5 ln t − γ /2 +
{

o(1), if t is odd;
−0.5 ln 2 + o(1), if t is even;

where γ is the Euler constant.

Proof First of all, we compute the moments

Mk(t) =
∫

· · ·
∫

[0,1]m
|F(x)|2k dx.

For k ≥ 1, we see that

Mk =
t−1∑

i1,... ,i2k=0

∫
· · ·

∫
[0,1]m

e

(
2k∑
j=1

(−1) j L̃i j (x)

)
dx.

The integral equals 1 if and only if the linear form in the exponent vanishes
identically,

2k∑
j=1

(−1) j L̃i j (x) = 0, x ∈ [0, 1]m;
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otherwise it equals 0. The last condition is equivalent to the polynomial
identity

2k∑
j=1

(−1) j Li j (X) = 0

or

2k∑
j=1

(−1) jξ i j = 0,

where ξ = e(1/t) is a root of �t (X). Therefore, Mk(t) = Wk(t) for
k = 1, 2, . . . , where Wk(t) is the number of solutions of the system of
equations (5.4) which is estimated in Lemma 5.2.

It is technically easier to work with h(x) = |F(x)|2/t . Obviously,∫
· · ·

∫
[0,1]m

ln |F(x)| dx = 0.5 ln t + 0.5
∫

· · ·
∫

[0,1]m
ln h(x) dx

and∫
· · ·

∫
[0,1]m

h(x)k dx = Mk(t)t
−k = Wk(t)t

−k, k = 0, 1, . . . , (10.5)

where we define W0(t) = 1. Let us fix some ε > 0 and select a polynomial
Q(x) = Q1(x) for t odd and Q(x) = Q2(x) for t even, where Q1(x), Q2(x)
are defined in Lemma 10.3. Assume that K = deg Q and

Q(x) = c0 + c1x + · · · + cK x K .

From Lemma 10.3, the identity (10.5), and Lemma 5.2, we subsequently obtain∫
· · ·

∫
[0,1]m

ln h(x) dx ≤
∫

· · ·
∫

[0,1]m
Q (h(x)) dx

=
K∑

k=0

ck Wk(t)t
−k =

K∑
k=0

ck A(k) + O(t−1)

where A(0) = 1 and for k ≥ 1, A(k) are defined in Lemma 5.2. Now we
consider two cases.

If t is odd, then A(k) = k!. We use the representation

k! =
∫ ∞

0
xke−x dx .
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Hence,∫
· · ·

∫
[0,1]m

Q (h(x)) dx =
K∑

k=0

ckk! + O(t−1)

=
∫ ∞

0
Q(x)e−x dx + O(t−1)

≤
∫ ∞

0
e−x ln x dx + ε + O(t−1)

= −γ + ε + O(t−1).

If t is even, then A(k) = (2k − 1)!!. We use the representation

(2k − 1)!! = (2π)−1/2
∫ ∞

0
xke−x/2x−1/2 dx .

Hence,∫
· · ·

∫
[0,1]m

Q (h(x)) dx

=
K∑

k=0

ck(2k − 1)!! + O(t−1)

= (2π)−1/2
∫ ∞

0
Q(x)e−x/2x−1/2 dx + O(t−1)

≤ e(2π)−1/2
∫ ∞

0
e−x/2x−1/2 ln x dx + (2π)−1/2ε + O(t−1)

= − ln 2 − γ + (2π)−1/2ε + O(t−1).

Taking ε → 0 and then t → ∞ we obtain the statement.

The proof of Theorem 10.4 is inspired by the following probabilistic con-
siderations. One can view x as a random vector. Then F(x) is a complex
random variable for odd t and a real random variable for even t . Roughly
speaking, asymptotic expressions for moments Mk(t) mean that F(x) can be
approximated by the Gaussian complex random variable ξ with the expectation
Eξ = 0 and the dispersion Dξ = t for odd t and by the analogous Gaussian
real random variable for even t . This makes it possible to estimate E ln |F(x)|.

Obviously, Theorem 10.4 and the inequality (10.4) together imply

lim sup
t→∞

lim sup
p→∞

N (t, p)

t1/2
≤
{

e−γ /2, if t is odd;
2−1/2e−γ /2, if t is even.

We remark that e−γ /2 < 0.75 and 2−1/2e−γ /2 < 0.53.
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Now we show that more precise versions of the geometric-mean–arithmetic-
mean inequality of [38] and [85] provide a slight improvement of the esti-
mate (10.2) which holds for any t and p.

Theorem 10.5 The bound

N (t, p) ≤ (t − 3/4)1/2

holds.

Proof We need the following result from [38] (it is a relaxed version of
Theorem 1 of that paper). For any positive x1, . . . , xs ,(

s∏
i=1

xi

)1/s

≤ 1

s

s∑
i=1

xi − #

2s(s − 1)

where

# =
s∑

j,k=1
j �=k

(
x1/2

k − x1/2
j

)2
.

We shall apply this inequality to xi = |ηi |2, i = 1, . . . , s. So x1 . . . xs =
N (t, p)2s . Evidently the numbers(

x1/2
k − x1/2

j

)2 = (|ηk | − |η j |)2, 1 ≤ j, k ≤ s, j �= k,

can be separated on groups of relatively conjugate positive integer algebraic
numbers. Therefore # is the sum of traces of several totally real integer
algebraic numbers with positive conjugates. Theorem 3 of [85] claims that
the trace of every such algebraic number is greater than 1.5d where d is its
degree. Applying this result to each of the traces in #, we obtain

# > 1.5s(s − 1).

Therefore

N (t, p)2 ≤ s−1
s∑

j=1

|η j |2 − 3/4

and the estimate follows.

For example, we have N (3, p) ≤ 1.5, which is better than 1.732 . . .

provided by the estimate (10.2) but of course is worse than the precise value
1.381 . . . given by (10.3). For t = 5, we obtain N (5, p) ≤ 2.061 . . . while the
bound (10.2) gives N (5, p) ≤ 2.236 . . . .
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Of course, for t large compared to p, our progress here is quite marginal.
Nevertheless, it shows that the bound (10.2) indeed can be improved in all
ranges on t and p. Also perhaps it is possible to show that the degree of all
algebraic numbers (|ηk | − |η j |)2, 1 ≤ j < k ≤ s, are large enough for large
p. Thus applying Theorem 2 of [85] in place of the used Theorem 3, one can
replace 3/4 by a larger constant λ = 0.866 . . . .

Question 10.6. Obtain non-trivial lower bounds for N (t, p).





Part five

Applications to Pseudo-Random Number
Generators





11

Prediction of Pseudo-Random Number
Generators

Let g ≥ 2 be a fixed integer and let M be a positive integer that can be written
with at most L g-ary digits (that is, M < gL ).

It is proved in [6] that, given k = 2L + 3 successive digits of the g-ary
expansion of 1/M , one can find M in polynomial time L O(1).

Then, once again in [6], we find that, under Artin’s conjecture, k = L − 1
digits are not enough to determine M unambiguously.

Here we prove the weaker but unconditional statement that any string of k =
�(3/37 − ε)L� consecutive digits provides no information about M . Roughly
speaking, we see without any unproven conjectures that M may take almost
any value among all prime numbers p < gL .

Theorem 11.1 For any ε > 0, given a string of k = �(3/37 − ε)L�
consecutive g-ary digits, there are at least (1 + o(1))π(gL) prime numbers
p < gL such that the g-ary expansion of 1/p contains this string.

Proof For a prime p with gcd(p, g) = 1, and a sequence d1, . . . , dk of g-ary
digits,

0 ≤ di ≤ g − 1, i = 1, . . . , k,

we denote by Np(d1, . . . , dk) the number of appearances of the string
(d1 . . . dk) in the period of the g-ary expansion of 1/p (it is known that for
gcd(g, p) = 1, the period length of such an expansion is tp where, as before,
tp is the multiplicative order of g modulo p).

This function was introduced and treated in [44] where the bound (3.15) was
used. For our application this bound is not sharp enough, but the bounds (3.16)
and (3.17) already produce some non-trivial results (although for smaller
values of k than in this theorem). However, using Theorem 7.10 one can obtain
stronger estimates.
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We show that Np(d1, . . . , dk) > 0 for any string (d1 . . . dk) and almost all
prime p.
To be more precise, denote by δx , 0 ≤ δx ≤ g − 1, the g-ary digits of 1/p,

1

p
=

∞∑
x=1

δx g−x .

We observe that, for x and any g-ary string (d1 . . . dk), we have δx+i = di ,
i = 1, . . . , k, if and only if

D

gk
≤
{

gx

p

}
<

D + 1

gk
, (11.1)

where D = d1gk−1 + d2gk−2 + · · · + dk .
The inequalities (11.1) both together are equivalent to solvability of the con-
gruence gx ≡ y (mod p) with some y from the interval

Dp

gk
≤ y <

(D + 1)p

gk
,

which follows from the solvability of the congruence

gx ≡ b + y (mod p), 0 ≤ y ≤ h,

where

b =
⌊
(2D + 1)p

2gk

⌋
, h =

⌊
p

2gk

⌋
− 1.

From Lemma 9.7 we see that for all prime p < gL , except possibly o(π(gL)),
we can apply Theorem 7.10 from which the desired result follows.

For a set of primes of positive density, the constant 3/37 can be improved.
Indeed, it follows from paper [3] that there exists an absolute constant c > 0
such that for sufficiently large x there are at least cπ(x) primes p ≤ x for
which p − 1 has a prime divisor l ≥ p0.677. We remark that in [3] this lower
bound is claimed for just infinitely many primes, but, in fact, it is proved there
for a set of primes of positive density. Excluding o (π(x)) of primes p ≤ x for
which the multiplicative order of g modulo p is smaller than p1/2, see [72] or
Lemma 9.7, we obtain a set of at least (c + o(1)) π(x) primes p ≤ x for which
tp ≥ p0.677. Repeating the scheme of the proofs of Theorems 7.10 and 11.1,
one can improve the value of the constant 3/37 for primes from this remaining
set.

Further, using results of [44] one can show that for an arbitrary ε > 0, any
string of k ≤ (1 − ε)L consecutive digits appears in the g-ary expansion of
1/M for at least C(g)gεL/2 values of M < gL . Here C(g) is some constant
depending on g only.
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Theorem 11.2 There is a constant c(g) > 0, depending only on g, such that
for every element M of the set

M = {M = pαµ : 1 ≤ µ ≤ Q, (µ, g) = 1},
where

Q =
⌊

c(g)gεL/2
⌋
,

p is the smallest odd prime number with gcd(p, g) = 1, and pα is the largest
power of p that is less than gL/Q, and for any string of k = �(1 − ε)L�
consecutive g-digits, the g-ary expansion of 1/M contains the string.

Proof As in the previous theorem, we denote by NM (d1, . . . , dk) the number
of appearances of a g-ary string (d1, . . . , dk) on the period of the g-ary
expansion of 1/M (it is known that for gcd(M, g) = 1 the period of this
expansion is the multiplicative order tM of g modulo M). It is evident that
tM ≤ ϕ(M) < M .
Also, we consider the corresponding discrepancy

DM = max
k

max
(d1,... ,dk )

|NM (d1, . . . , dk) − tM/gk |

over all g-ary strings

(d1, . . . , dk), 0 ≤ di ≤ g − 1; i = 1, . . . , k, k = 1, 2, . . . .

Let M = pα1
1 . . . pαr

r be the prime number factorization of M . Set m =
p1 . . . pr . Assuming gcd(M, g) = 1 denote by τM = tm the multiplicative
order of g modulo m.
We need the bound

DM < 2τM

which is a relaxed version of Theorem 1 of [44].
Evidently, for any M ∈ M, tM ≥ tpα . It is known in [44] that if we define

β = ordp(g
p−1 − 1) <

p ln g

ln p

then

tpα = tp pα−β, α = β, β + 1, . . . .

Thus tM ≥ C(g)gL Q−1 where C(g) is some effective constant depending on
g only (since p can be estimated in terms of g). Also we evidently have the
bound

τM = tm < m ≤ pQ.
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Therefore, if k = �(1 − ε)L�, then for any M ∈ M we have

NM (d1, . . . , dk) ≥ tM g−k − DM > C(g)gL/Qgk − 2pQ.

Putting c(g) = (C(g)/2p)−1/2, we get that NM (d1, . . . , dk) > 0 for any
M ∈ M and any string (d1, . . . , dk).

Since the set M is exponentially large, this result means that even as many
as k = �(1 − ε)L� digits give us very little information on the possible values
of M .

Question 11.3. Prove that for some constant c > 0 and k = �L − c ln L�, any
(or almost any) string of k consecutive digits appears in the g-ary expansion
of 1/M for exponentially many different values of M < gL .

Applications of results of this type to cryptography are pointed out in [6].
The problem considered here belongs to a wide class of predictability

and unpredictability problems for various pseudo-random number generators,
see [6], [16], and an excellent survey [46].

Here we touch on one more question from this area concerning linear
congruential pseudo-random number generators. More precisely, we consider
sequences of integers satisfying the conditions

un ≡ λun−1 (mod M), 0 < un < M, n = 1, 2, . . . . (11.2)

Here the initial value u0 = a and the multiplier λ are integers which are
relatively prime to modulus M .

For integers s, k ≥ 1, denote by Bk,s(a, λ, M) the binary sk-dimensional
vector obtained by adjoining s leading bits of k first elements of the se-
quence (11.2). Note that we consider all elements of the sequence having

L = �log M 
bits thus the vector Bk,s(a, λ, M) is obtained by concatenation of bits of the
s-bit integers

⌊
u j/2L−s

⌋
, j = 0, . . . , k − 1.

It is shown in [16], Theorem 3.1, that for any k ≥ 1, ε > 0 and sufficiently
large square-free M > c(k, ε), there is an exceptional set E(M, k, ε) of
multipliers λ of cardinality

|E(M, k, ε)| ≤ M1−ε

such that for any multiplier not in E(M, k, ε) the following is true. If

s = �(1/k + ε) log M + k(1/2 + log 3) + 3.5 log k + 2 − log 3 ,
then the entire sequence u0, u1, . . . can uniquely be recovered in polynomial
time (per element) by knowledge of Bk,s(a, λ, M).
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It is also remarked in that paper that some sort of exceptional set E(M, k, ε)
is necessary as λ = 1 is always a ‘bad’ multiplier. Also it follows from
Dirichlet’s principle that if

s ≤
⌈

1 − ε

k
log M

⌉
,

then there is an initial value a0 such that Bk,s(a, λ, M) = Bk,s(a0, λ, M) for
at least Mε initial values of a = 0, . . . , M − 1. Thus such an initial value is
secure in the following sense: the knowledge of Bk,s(a0, λ, M) is not enough
to determine the entire sequence.

Here we show that for infinitely many primes M = p, and all but at most
p1−ε multipliers λ, any initial value a = 0, . . . , p−1 is secure in the sense that
the knowledge of Bk,s(a, λ, M) is not enough to determine the entire sequence,
where

s =
⌈

1 − ε

k
log p − log log p − 3

⌉
.

Theorem 11.4 Let p be a sufficiently large L-bit prime with 2L − 23L/4 <

p < 2L . Then for any k ≥ 5, ε > 0, there is an exceptional set F(p, k, ε)
of multipliers λ of cardinality |F(p, k, ε)| ≤ p1−ε such that for any multiplier
λ �∈ F(p, k, ε), the following is true. If

s ≤ 1 − ε

k
L − log L − 3,

then for any binary sk-dimensional vector B, there exist at least pε initial
values of a = 0, . . . p − 1 such that Bk,s(a, λ, p) = B.

Proof We may assume that p > 7. We split the vector B into s-dimensional
vectors B0, . . . , Bk−1. Let b0, . . . , bk−1 be integers whose binary represen-
tations are given by B0, . . . , Bk−1. We put l = L − s. We observe that
Bk,s(a, λ, p) = B if and only if

u j = b j 2
l +z j , 0 ≤ z j ≤ min{2l −1, p−b j 2

l −1}, j = 0, . . . , k−1,

where u j ≡ aλ j (mod p), 0 ≤ u j ≤ p − 1.

Denote d j = b j 2l , h j = min{2l , p − d j }. It follows from the condition of the
theorem that

h j ≥ 2l − 23L/4 ≥ 2l−1 ≥ p2−s−1, j = 0, . . . , k − 1, (11.3)

provided L is large enough.
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We see that the last system of equations is satisfied if and only if the following
system of congruences

aλ j ≡ x j (mod p), d j ≤ x j ≤ d j + h j − 1, j = 0, . . . , k − 1,

is solvable, and thus has a unique solution. Thus the number of initial values
a = 0, . . . , p − 1 with Bk,s(a, λ, M) = B is equal to the number T (λ) of
solutions of the system of congruences

aλ j ≡ x j (mod p), j = 0, . . . , k − 1,

where

d j ≤ x j ≤ d j + h j − 1 0 ≤ a ≤ p − 1.

On the other hand, we have

T (λ) = p−k
p−1∑
a=0

d0+h0−1∑
x0=d0

. . .

dk−1+hk−1−1∑
xk−1=dk−1

×
∑

−p/2<m0,... ,mk−1<p/2

e

(
k−1∑
j=0

m j (aλ
j − x j )/p

)

= h0 . . . hk−1 p−k + p−k
∑

−p/2<m0,... ,mk−1<p/2

m2
0+···+m2

k−1>0

p−1∑
a=0

e

(
a

k−1∑
j=0

m jλ
j/p

)

×
k−1∏
j=0

d j+h j−1∑
x j=d j

e(m j x j/p).

For integer m, we put m = max{|m|, 1} and define

δ(m) =
{

1, if m ≡ 0 (mod p),
0, otherwise.

From the identity

p−1∑
a=0

e(am/p) = pδ(m)

and the following known inequality∣∣∣∣∣d+h−1∑
x=d

e(mx/p)

∣∣∣∣∣ ≤ p/m,
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which holds for any integers d, h,m with 1 ≤ h ≤ p, −p/2 < m < p/2, we
obtain

|T (λ) − h0 . . . hk−1 p−k+1|

≤ p
∑

−p/2<m0,... ,mk−1<p/2

m2
0+···+m2

k−1>0

δ(m0 + λm1 + · · · + λk−1mk−1)

m0 . . .mk−1
.

Therefore for the average value

T = 1

p

p−1∑
λ=1

|T (λ) − h0 . . . hk−1 p−k+1|,

we derive

T ≤
∑

−p/2<m0,... ,mk−1<p/2

m2
0+···+m2

k−1>0

1

m0 . . .mk−1

×
p−1∑
λ=1

δ(m0 + λm1 + · · · + λk−1mk−1)

≤ (k − 1)
∑

−p/2<m0,... ,mk−1<p/2

m2
0+···+m2

k−1>0

1

m0 . . .mk−1

≤ (k − 1)

(
1 + 2

p/2∑
m=1

1/m

)k

< (3 ln p)k,

provided that p is large enough.

Let F(p, k, ε) be the set of λ = 1, . . . , p − 1 for which

|T (λ) − h0 . . . hk−1 p−k+1| ≥ pε(3 ln p)k .

From the previous inequality, we derive

|F(p, k, ε)| < pT

pε(3 ln p)k
≤ p1−ε.

Now for any λ �∈ F(p, k, ε), from (11.3) we obtain

T (λ) > h0 . . . hk−1 p−k+1 − pε(3 ln p)k > p2−k(s+1) − pε(3 ln p)k

≥ p2−k(s+2) ≥ pε

if s ≤ (1 − ε)k−1 log p − log log p − 3 and p large enough.
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It follows from the results about the distribution of prime numbers that there
are infinitely many p satisfying the condition of Theorem 11.4.

No doubt a similar result can be obtained for square-free moduli M . On
the other hand, for an arbitrary M , only a weaker result can be expected (with
k2 instead of k in the denominator, see the estimate of the sum Qs(M) in
Chapter 12). Also a similar result can be expected to explicit constructions of
‘good’ multipliers λ given in Chapter 12.

Question 11.5. Extend the results of this chapter to other generators of
pseudo-random numbers.
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Congruential Pseudo-Random Number
Generators

For integers a1, . . . , as , M , we set

ρ(a1, . . . , as; M) = min m1 . . .ms,

ω(a1, . . . , as; M) = min(m2
1 + · · · + m2

s )
1/2,

where the minima are taken over all non-trivial solutions of the congruence

a1m1 + · · · + asms ≡ 0 (mod M),

and where m = max{1, |m|}.
The integers a1, . . . , as for which ρ(a1, . . . , as; M) is large enough, say

of order M1−ε, are of special interest. Such integers can be used for building
up formulas for approximate integration and are called optimal coefficients
modulo M , see [43, 67, 69].

It is also known [43, 67, 69] that ‘almost all’ vectors (a1, . . . , as) are
optimal coefficients for a prime modulus M = p with

ρ(a1, . . . , as; M) � M/ lns−1 M.

Moreover, it is easy to prove that an analogous result holds for arbitrary com-
posite M . Unfortunately, these results are non-constructive. Some algorithms
for finding optimal coefficients are presented in [43]. The best for a special
M has computing time O(M4/3+ε). Recently in [45], an algorithm with
computing time O(M1+ε) was given for M = 2m ; the algorithm uses Hensel
lifting. A different algorithm, but with the same computing time, is designed
in [7]. These papers deal with arithmetical complexity, but it is not difficult to
obtain the same estimates for the Boolean complexity as well.

For the case s = 2, we can set a1 = 1; a2 = Fk ; M = Fk+1, where k = 1,
2, . . . , and {Fk} is the Fibonacci sequence (see [43, 67]).

99
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The theory of diophantine approximation in R allows one to obtain general-
izations of these results [67]. It produces a1, . . . , as and M with

ρ(a1, . . . , as; M) � Ms/2(s−1).

Now we consider linear congruential pseudo-random number generators (11.2)
again. We set

rs(λ; M) = ρ(1, λ, . . . , λs−1; M), ws(λ; M) = ω(1, λ, . . . , λs−1; M).

It is known that the s-dimensional discrepancy of the sequence γn = un/M ,
where the sequence un is given by (11.2), depends drastically on rs(λ; M),
and that its lattice structure depends on ws(λ; M). So, the question is: how
large can values of rs(λ; M) and ws(λ; M) be and how can corresponding λ

be found? We also point out one more important restriction: λ should have
a large multiplicative order modulo M , say be a primitive root modulo M if
M = pm is a power of odd prime number p and be congruent ±3 modulo 8 if
M = 2m .

In the case of prime M = p, it is shown in [43] that there exists a λ with

rs(λ, p) � p1−ε. (12.1)

Moreover, such λ can be chosen to be a primitive root modulo p. The
method for obtaining this estimate is based on a bound for the number of zeros
of polynomials modulo p and loses its power when applied to an arbitrary
modulus M . In general, this method produces no better than the existence of λ
with

rs(λ, M) � M1/(s−1)−ε. (12.2)

It is technically easier to work with the function

σs(λ, M) =
∑

−M/2<m1,... ,ms≤M/2

m2
1+···+m2

s >0

δM (m1 + λm2 + · · · + λs−1ms)

m1 . . .ms
,

where δM (a) = 1 if a ≡ 0 (mod M) and δM (a) = 0 otherwise. Moreover
as we could see in the proof of Theorem 11.4, the discrepancy of the corre-
sponding sequence is determined by this function rather than by rs(λ, M). On
the other hand, the following relations between rs(λ, M) and σs(λ, M) (which
can be found in [67, 69] for example) show that they are each quite close to the
other:

rs(λ, M)−1 ≤ σs(λ, M) � rs(λ, M)−1(ln M)s .
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Both these estimates (12.1) and (12.2) can be obtained by considering the sum

Qs(M) =
M∑
λ=1

gcd(λ,M)=1

σs(λ, M)

=
∑

−M/2<m1,... ,ms≤M/2

m2
1+···+m2

s >0

1

m1 . . .ms

×
M∑
λ=1

gcd(λ,M)=1

δM (m1 + λm2 + · · · + λs−1ms).

The inner sum does not exceed the number of solutions of the non-trivial
polynomial congruence

m1 + λm2 + · · · + λs−1ms ≡ 0 (mod M), 1 ≤ λ ≤ M

which can be nicely estimated as s − 1 for prime M = p (as it is done in the
proof of Theorem 11.4) and only as O(M1−1/(s−1)) for arbitrary M (see [40,
42]). These two estimates lead to (12.1) and (12.2) respectively.

Moreover, we show that for arbitrary integer M , this way cannot lead to a
better estimate of rs(λ, M) because

Qs(M) ≥ 2−(s−1)(s−2)M1−1/(s−1)

for an infinite sequence of M . Indeed, let M = 2m and let m = k(s−1). Then,
it is easy to see that for λ = 2kl − 1 with any l = 1, . . . , 2k(s−2) we have

s−1∑
i=0

(
s − 1

i

)
λi = (λ + 1)s−1 ≡ 0 (mod M).

Hence,

σs(λ, M) ≥ rs(λ, M)−1 ≥ 2−(s−1)(s−2)

for at least 2k(s−2) = M1−1/(s−1) values of λ with 1 ≤ λ ≤ M , gcd(λ, M) = 1,
and the assertion follows.

The case s = 2 can be dealt with by using the results on two-dimensional
optimal coefficients (we may set λ ≡ a1/a2 (mod M)).

The first non-trivial case is s = 3. This case is considered in [47] for fixed
prime power moduli M (these are the most interesting moduli). There is shown
that for M = 2m , there exists a λ ≡ 5 (mod 8) with

r3(λ, M) � M/ ln2 M.
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For an arbitrary s, some non-trivial lower bounds can be obtained as well.
For instance, if we define λ by the congruence λτ ≡ ϑ (mod M), with
gcd(ϑτ, M) = 1 and ϑ ∼ τ ∼ M1/(s+1), then

rs(λ, M) � M2/(s+1). (12.3)

If in the previous construction one takes ϑ ∼ τ ∼ (M/2s)1/s , then

ws(λ, M) ≥ 21/2(2s)−1/2s M1/s + o(M1/s). (12.4)

It also can be shown that for any λ of a prime multiplicative order t = s + 1
modulo a prime p, the lower bound

ws(λ, p) ≥ (s + 1)−(s−1)/2s p1/s (12.5)

holds. Indeed, suppose that

m1 + λm2 X + · · · + λs−1ms ≡ 0 (mod p)

and not all m1, . . . ,ms are zeros. Because λs+1 ≡ 1 (mod p), the resultant
R = Res(F, G) of the polynomials

F(X) = m1 + m2 X + · · · + ms Xs−1 and G(X) = 1 + X + · · · + Xs

is divisible by p. Because t = s + 1 is prime, G(X) is irreducible, therefore
R �= 0 and thus |R| ≥ p. On the other hand, by the Hadamard inequality,

|R|2 ≤
(

s∑
i=1

m2
i

)s

(s + 1)s−1

and (12.5) follows.
We note that we use the same considerations to derive the bounds (14.6) and

(14.15).
Surprisingly (12.4) and (12.5) are of the same order (at least for s fixed)

and both meet the upper bound ws(λ, M) ≤ γs M1/s , where γs is the Hermite
constant (see Section 3.3.4 of [37]).

Similar problems also arise in cryptography. Let Ws(δ, M) be the size of
the set of λ, 1 ≤ λ ≤ M , with ws(λ, M) ≤ Mδ . In [16], among other very
interesting and important results, for s = 3, the bound

W3(δ, M) = O(M1/2+3δ/2+ε)

is proved.
For the case that is most important for applications, when M = 2m , the

bound (12.3) was improved in Section 10.1 of [84]. Here we consider a slightly
more general case when M = pm is a power of a fixed prime number p.
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Theorem 12.1 Let p be a fixed prime and let ϑ, 1 ≤ ϑ ≤ p2 be a primitive
root modulo p2 if p ≥ 3 and ϑ = 3 if p = 2. Set

λ ≡ (pt + ϑ)(pt + 1)−1 (mod pm), (12.6)

where t = 2 �m/(2s + 1)�. Then, for sufficiently large M = pm,

rs(λ, M) � M4/(2s+1)

and the multiplicative order λ modulo M is at least M/4.

Proof Assume that m ≥ 4s + 2, thus t ≥ 4. Then λ ≡ ϑ (mod p3) and λ is a
primitive root modulo M if p ≥ 3 (thus of multiplicative order (p−1)pm−1 ≥
M/4) or λ ≡ 3 (mod 8) if p = 2 (thus of multiplicative order 2m−2 = M/4).
In order to estimate rs(λ, M), we prove the following general statement.
Let the integers µ, η, M satisfy the conditions

• µ ∼ η ∼ M2/(2s+1), µ �= η, |µ − η| = O(1);
• M ≡ k (modµ), M ≡ l (mod η) with some k and l such that M1/(2s+1) �

|k|, |l| � M1/(2s+1) ;
• gcd(µ, M) = gcd(η, M) = 1;

and let λ ≡ µη−1 (mod M). Then rs(λ, M) � M4/(2s+1).
It is easy to verify that M = pm , µ = pt + ϑ , η = pt + 1 satisfy these
conditions. Indeed, only the second condition is not obvious. To verify it, we
put

τ = m − st − t/2 = m − (2s + 1) �m/(2s + 1)�,
and note that 0 ≤ τ ≤ 2s. One sees that

M ≡ (−ϑ)s pt/2+τ (mod µ)

M ≡ (−1)s pt/2+τ (mod µ),

and that

M1/(2s+1) �
∣∣∣(−1)s pt/2+τ

∣∣∣ ≤ ∣∣∣(−ϑ)s pt/2+τ
∣∣∣ � M1/(2s+1).

Suppose that

m1 + λm2 + · · · + λs−1ms ≡ 0 (mod M).

From the definition of λ for some integer r , we obtain

m1µ
s−1 + m2µ

s−2η + · · · + msη
s−1 = r M. (12.7)
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Let δ = gcd(µ, η). We have

δ = gcd(µ − η, η) ≤ |µ − η| = O(1).

If r = 0, then it is clear that the first non-zero mi is divisible by η/δ and the
last non-zero m j is divisible by η/δ, 1 ≤ i < j ≤ s. Therefore

rs(λ, M) ≥ µηδ−2 � M4/(2s+1).

From here on we assume that r �= 0. Without loss of generality we can suppose
that |m1| ≤ |ms |. We consider two cases:

I. If |m1| ≥ 0.5 Mµ−s+1, then we immediately obtain

rs(λ, M) ≥ m1ms � M2µ−2s+2 � M4/(2s+1).

II. If |m1| < 0.5 Mµ−s+1, then |r M − m1µ
s−1| ≥ |r |M/2. Hence,

m2 . . .ms � m2 + · · · + ms

� M−2(s−1)/(2s+1)|m2µ
s−2η + · · · + msη

s−1|
= M−2(s−1)/(2s+1)|r M − m1µ

s−1| � M3/(2s+1)|r |.
Therefore,

rs(λ, M) � M3/(2s+1)m1|r |. (12.8)

It follows from (12.7) that

m1µ
s−1 − r M ≡ 0 (mod η).

Let γ = µ− η, then m1γ
s−1 − rl ≡ 0 (mod η). Again we consider two cases.

II.1. If m1γ
s−1 − rl = 0, then

|m1| = |rlγ−s+1| � |l| � M1/(2s+1).

II.2. If m1γ
s−1 − rl �= 0, then |m1γ

s−1 − rl| ≥ η and

m1|r | ≥ |m1|+|r |−1 ≥ |(m1γ
s−1−rl)/ lγ s−1|−1 � η/|l| � M1/(2s+1).

Therefore in each case we have m1|r | � M1/(2s+1). Plugging this inequality
into the estimate (12.8), we obtain the theorem.

Question 12.2. Can the constructions giving (12.3), (12.4), and (12.6) be
modified to produce λ for which they hold for all s up to some bound S (say,
can one find λ with r2(λ, 2m) ≥ 24m/5 and r3(λ, 2m) ≥ 24m/7)?

Question 12.3. Obtain an upper bound of Ws(δ, M) for s > 3.
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A similar question can be asked about Rs(δ, M) which is defined as the size
of the set of λ, 1 ≤ λ ≤ M , with rs(λ, M) ≤ Mδ . Actually, the bound (12.1)
was proved by showing that, for a prime p, Rs(δ, M) = o(M) for any δ < 1,
while for an arbitrary integer M , the best we can do is to show that Rs(δ, M) =
o(M) for any δ < 1/(s − 1) (which leads to (12.2)).

Question 12.4. Does the bound Rs(δ, M) = o(M) hold for any s ≥ 2 and
δ < 1?

Question 12.5. Can the theory of diophantine approximation in p-adic fields
be used to get better lower bounds and constructions?

Indeed, let M = pm . Then, in the p-adic metric,∣∣∣m1 + m2λ + · · · + msλ
s−1

∣∣∣ > p−m

for m1, . . . ,ms < rs(λ, M). Roughly speaking, this means that the λ

we are looking for should not be well p-adically approximated by roots of
polynomials with small integer coefficients.
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Small mth Roots Modulo p

Let p be an odd prime, and let m > 1 be a divisor of p − 1. For each, an mth
power residue a modulo p, ρm,p(a), is defined as the largest absolute value of
all m solutions of the congruence

xm ≡ a (mod p), −(p − 1)/2 ≤ x ≤ (p − 1)/2.

Clearly, ρm,p(a) may take at most (p − 1)/m distinct values (as there are
(p − 1)/m distinct mth power residues modulo p), which we enumerate in the
non-decreasing order

M1(m, p) ≤ · · · ≤ M(p−1)/m(m, p).

The question about the distribution of numbers Mi (m, p) was posed in [75]
where, among many other interesting results, the following upper bound has
been obtained,

M1(m, p) ≤ 2ν(m) p1−1/ϕ(m)

where ν(m) is the number of distinct odd prime divisors of m.
In [73] this bound is improved as follows:

M1(m, p) ≤ min

p1−1/m,
∏
l|m

l∈P, l≥3

l1/(2l−2) p1−1/ϕ(m)

 (13.1)

where P denotes the set of prime numbers.
It is useful to note that the well-known asymptotic formula, see [74],

Theorem 3.1 of Chapter 1, or [91], Exercise 9b of Chapter 2,∑
l∈P,l≤N

ln l

l
= ln N + O(1)
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implies that ∏
l|m

l∈P, l≥3

l1/(2l−2) � (ν(m)Ln ν(m))1/2 � ln1/2 m.

Thus (13.1) improves drastically the former estimate of [75] with respect to
the factor depending on m. For m of some special structure, better bounds are
obtained, say for m = 2s3t we have

M1(m, p) ≤ 2 × 3−1/2 p1−1/ϕ(m).

Moreover, that paper [73] provides a lower bound of the same order (at least
for m fixed). In a somewhat relaxed form, it can be written down as follows:

M1(m, p) ≥ min

m−1 p, ϕ(m)1/2m−1
∏
l|m

l∈P, l≥3

l1/(l−1) p1−1/ϕ(m)

 . (13.2)

It is useful to note that

ϕ(m)1/2m−1
∏
l|m

l∈P, l≥3

l1/(l−1)

≥ (2m)−1/2
∏
l|m

l∈P, l≥3

(1 − 1/ l)1/2l1/(l−1) � m−1/2.

Here, using quite a different method, we obtain several more lower bounds for
M1(m, p) which are mainly useful for larger values of m. In fact, paper [73]
considers M1(m, p) at about its expected order p1−1/ϕ(m), while we are more
interested in when M1(m, p) reaches its trivial upper bound (p − 1)/2. It is
interesting to note that for m of order ln p, both methods give very similar
results.

First of all, we remark that there is a close relation between M1 (m, p) and
the function Hp(m) which we studied in Chapter 7, namely

M1 (m, p) ≥ p − 1 − Hp(m)

2
. (13.3)

As we mentioned in Chapter 4, studying M1(m, p) is closely related to
bounds of short character sums with exponential functions.

Indeed, it is easy to verify that one can take B = M1 (t, p)2 in the proof of
Theorem 4.2 which now produces the estimate

max
gcd(a,p)=1

∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≤ t − 4(t − 1)M1(t, p)2

p2
.
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Now one can get another version of the bound (4.5) simply combining the
previous inequality with the lower bound (13.2) of M1(t, p) from [73].

On the other hand, there is a trivial lower bound

max
gcd(a,p)=1

∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≥ t cos(2πM1(t, p)/p) = t + O(t M1(t, p)2 p−2)

which follows from the inequality∣∣∣∣∣ t∑
x=1

e(agx/p)

∣∣∣∣∣ ≥ t∑
x=1

cos(2πagx/p).

Now, using the upper bound (13.1) of M1(t, p) from [73], or even previous
slightly weaker bounds from [75], one sees that the bound (4.5) is quite sharp.

We also remark that the question on the lower bound of M1(m, p) is in
some sense dual to the question about estimating T (l) which is considered in
Chapter 14.

We begin our study of M j (m, p) with a simple observation that the estimates

mj/2 ≤ M j (m, p) ≤ p/2 − (p − jm − 1)/2m (13.4)

follow from elementary counting arguments. Indeed, since there are exactly
m different values x , |x | ≤ M j (m, p) corresponding to each M j (m, p), then
2M j (m, p) ≥ mj . Similar considerations can be used to find the upper bound.

Now we show that the method which we use in this book allows us to get
sharper bounds on M j (m, p).

First of all, we estimate M j (m, p) for any j .

Theorem 13.1 For all j = 1, . . . , (p − 1)/m, the bound

M j (m, p) ≥ (p − 1)/2 − p3/2

mj1/2

holds.

Proof We fix a primitive root ϑ modulo p and set s = (p − 1)/2, h =
s − M j (m, p), g = ϑ(p−1)/m .

It follows from the definition of M j (m, p) that the congruence

ξgi ≡ s + u − v (mod p), 0 ≤ i ≤ m − 1, 0 ≤ u, v ≤ h − 1,
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has no solution for at least mj distinct values of ξ in the interval −(p−1)/2 ≤
ξ ≤ (p − 1)/2. For such ξ , we have

0 = 1

p

m−1∑
i=0

h−1∑
u,v=0

p−1∑
λ=0

e
(
λ(ξgi − s − u + v)/p

)

= mh2

p
+ 1

p

p−1∑
λ=1

e(−λs/p)
m−1∑
i=0

e(λξgi/p)

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2

.

Hence,

mh2 ≤
∣∣∣∣∣∣

p−1∑
λ=1

e(−λs/p)
m−1∑
i=0

e(λξgi/p)

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2
∣∣∣∣∣∣

for at least mj distinct values of ξ in the interval −(p−1)/2 ≤ ξ ≤ (p−1)/2.

Therefore,

mj (mh2)2 ≤
(p−1)/2∑

ξ=−(p−1)/2

∣∣∣∣∣∣
p−1∑
λ=1

e(−λs/p)
m−1∑
i=0

e(λξgi/p)

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2
∣∣∣∣∣∣
2

=
(p−1)/2∑

ξ=−(p−1)/2

p−1∑
λ,µ=1

e ((µ − λ)s/p)
m−1∑
i,k=0

e
(
ξ(λgi − µgk)/p

)

×
∣∣∣∣∣ h−1∑
u,v=0

e((λu − µv)/p)

∣∣∣∣∣
2

=
p−1∑

λ,µ=1

e ((µ − λ)s/p)

∣∣∣∣∣ h−1∑
u,v=0

e((λu − µv)/p)

∣∣∣∣∣
2

×
m−1∑
i,k=0

(p−1)/2∑
ξ=−(p−1)/2

e
(
ξ(λgi − µgk)/p

)
.

The sum over ξ is equal to pN (λ, µ) where N (λ, µ) is the number of solutions
of the congruence

λgi − µgk ≡ 0 (mod p), 0 ≤ i, k ≤ m − 1.
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Obviously N (λ, µ) ≤ m. Hence

mj (mh2)2 ≤ mp
p−1∑

λ,µ=1

e ((µ − λ)s/p)

∣∣∣∣∣ h−1∑
u,v=0

e((λu − µv)/p)

∣∣∣∣∣
2

≤ mp

p−1∑
λ=1

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2
2

≤ mp3h2.

Therefore, h ≤ p3/2/mj1/2 and the estimate follows.

Note that (13.4) implies that M j (m, p) ∼ (p − 1)/2 if jmp−1 ∼ 1, while
Theorem 13.1 does the same for jm2 p−1 → ∞.

In particular, for j = 1, we obtain M1(m, p) > (p −1)/2− p3/2m−1. Here
we show how to estimate M1(m, p) using the bound (3.16) and (3.17).

Theorem 13.2 The bound

M1(m, p) > (p − 1)/2 + O
(

min
{

m−5/8 p5/4, m−3/8 p9/8
})

holds.

Proof Let a be an integer with ρm,p(a) = M1(m, p).

We fix a primitive root ϑ modulo p and set g = ϑ(p−1)/m .

If ξ is a root of the congruence xm ≡ a (mod p), then other roots are of the
form xi = ξgi , i = 0, . . . ,m − 1.

Let s = (p − 1)/2, h = s − M1(m, p).

It follows from the definition of a that the congruence

ξgi ≡ s + u − v (mod p), 0 ≤ i ≤ m − 1, 0 ≤ u, v ≤ h − 1,

has no solution. On the other hand, this number can be expressed as

0 = p−1
m−1∑
i=0

h−1∑
u,v=0

p−1∑
λ=0

e
(
λ(ξgi − s − u + v)/p

)

= mh2 p−1 + p−1
p−1∑
λ=1

e(−λs/p)
m−1∑
i=0

e(λξgi/p)

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2

.
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Applying the bounds (3.16) and (3.17), we obtain

mh2 ≤
p−1∑
λ=1

∣∣∣∣∣m−1∑
i=0

e(λξgi/p)

∣∣∣∣∣
∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2

� min{m3/8 p1/4, m5/8 p1/8}
p−1∑
λ=1

∣∣∣∣∣h−1∑
u=0

e(λu/p)

∣∣∣∣∣
2

� h min{m3/8 p5/4, m5/8 p9/8}.
Therefore

h � min
{

m−5/8 p5/4, m−3/8 p9/8
}

and the estimate follows.

In particular,

M j (m, p) ∼ (p − 1)/2, j = 1, . . . , (p − 1)/m,

if mp−1/3 → ∞.
In some cases, better estimates can be obtained from (13.3). For example, if

m ≥ p1/2 then Theorem 7.10, combined with the bound (13.3), implies that

M j (m, p) = (p − 1)/2 + O(p34/37+ε), j = 1, . . . , (p − 1)/m.

A slightly weaker estimate which nevertheless holds for very small values of
m is provided by Lemma 6 of [41].

Theorem 13.3 For m > ln p(Ln ln p)−1+ε, the bound

M1(m, p) � p/(ln p)1/2+ε

holds.

Theorem 13.3 is quite precise. Indeed it follows from (13.1) that for any
δ > 0, the bound M1(m, p) � p/(ln p)δ implies

m � ln p(Ln ln p)−1.

On the other hand, our knowledge about m for which M1(m, p) is of order p
is rather poor.

Denote by µ(p) the smallest µ such that M1(m, p) > (p − 1)/4 if m ≥
µ, p ≡ 1 (mod m). The bound (13.1) and Theorem 13.2 imply

lim sup
p→∞

µ(p)/ ln p > 0 and lim sup
p→∞

µ(p)/p3/8 < ∞,

respectively.

Question 13.4. Obtain tighter upper and lower bounds of µ(p).



14

Supersingular Hyperelliptic Curves

For prime l, let T (l) be the largest t with the property that there exists some
integer g, gcd(g, l) = 1, and with multiplicative order t modulo l and such that
for some a, gcd(a, l) = 1, all the smallest positive residues of agx (mod l),
x = 0, . . . , t − 1, belong to the interval [1, (l − 1)/2].

The matter is related to the question considered in [92, 93] (and several
other papers) on supersingular over Fp hyperelliptic curves of the form y2 =
xl + λ, λ �= 0, where l is an odd prime. It follows from Lemma 2 of [93] that
if this curve is not supersingular and p > (l − 1)/2, then the multiplicative
order of p modulo l does not exceed T (l).

The first upper bound of T (l) of the form

T (l) = O(l1/2 ln l)

was stated in [68]. This result is improved in [81, 82, 84] as T (l) ≤ 100l3/7.
Here, using the bound (3.17), we obtain an essentially better upper bound. Its
proof as well as the proofs of other similar bounds below rely on the following
statement.

Lemma 14.1. If t is such that there are integers g of multiplicative order t
modulo l and a with gcd(ag, l) = 1 and such that all the residues of agx

modulo l, x = 0, . . . , t − 1, belong to the interval of [1, (l − 1)/2], then

t ≤ 3S(l, t)

where

S(l, t) = max
1≤α≤l−1

∣∣∣∣∣ t∑
x=1

e(αgx/ l)

∣∣∣∣∣.
Proof Put h = �l/4�, b = (l + 1)/2 + h. Then the congruence

agx ≡ b + y − z (mod l), 0 ≤ x ≤ t − 1, 0 ≤ y, z ≤ h
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is unsolvable. Therefore

0 = 1

l

t−1∑
x=0

h∑
y,z=0

l−1∑
α=0

e
(
α(agx − b − y + z)/ l

)
.

Changing the order of summation and separating the term t (h + 1)2/ l corre-
sponding to α = 0, we obtain from (3.4)

t (h + 1)2 ≤
l−1∑
α=1

∣∣∣∣∣ t−1∑
x=0

h∑
y,z=0

e
(
α(agx − b − y + z)/ l

)∣∣∣∣∣
=

l−1∑
α=1

∣∣∣∣∣ t−1∑
x=0

e(αagx/ l)

∣∣∣∣∣
∣∣∣∣∣ h∑

y=0

e(αy/ l)

∣∣∣∣∣
2

≤ S(l, t)
l−1∑
α=1

∣∣∣∣∣ h∑
y=0

e(αy/ l)

∣∣∣∣∣
2

= S(l, t)

 l−1∑
α=0

∣∣∣∣∣ h∑
y=0

e(αy/ l)

∣∣∣∣∣
2

− (h + 1)2


= S(l, t)

(
l(h + 1) − (h + 1)2

)
.

Taking into account that h + 1 ≥ l/4, we obtain the statement.

Lemma 14.1 and the bound (3.17) imply

Theorem 14.2 The bound

T (l) � l1/3

holds.

We also remark that Theorem 1 of [93] essentially claims that T (l) is odd.
Using Theorem 14.2, it is easy to show that, for fixed l, the density δ(l) of

primes p for which the corresponding curve is not supersingular over Fp is
quite small.

Theorem 14.3 The bound

δ(l) = O(l−2/3+ε)

holds.
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More precisely,

δ(l) ≤ (l − 1)−1
∑
d|l−1,
d≤T (l)

ϕ(d) = O
(

T (l)l−1+ε
)
.

It is interesting to note here that for the Fermat curve xm + ym = 1, the
situation is quite different. Let #(m) be the density of primes moduli p for
which that curve is not supersingular. An explicit formula for #(m) is known;
it depends on the arithmetic structure of m and is quite complicated. However,
for prime numbers m = l, it simplifies as #(l) = 2−k where k is the largest
power of 2 dividing l − 1. Thus for almost all l, the density of primes p such
that the curve is not supersingular modulo p is not too small, in particular it is
1/2 for a ‘half’ of the primes l.

For these and several other results see [76], where it is also shown that ‘on
average’ over all integral numbers m, the density #(m) is very close to 1∑

m≤M

|1 − #(m)| ∼ αM(ln M)−2/3,

where α > 0 is an explicitly given absolute constant.
In fact, the previous bound of T (l) from [68] also produces a non-trivial

bound for δ(l). On the other hand, in the following dual question it cannot
give anything because we do need something below the ‘square-root’ bound
for T (l).

Given some prime p and integer L < 2p + 1, let Np(L) be the number
of primes l ≤ L which correspond to non-supersingular curves. Then from
Theorem 14.2, we derive the following result.

Theorem 14.4 For L < 2p + 1, the bound

Np(L) � L2/3 ln p

ln(L ln p)

holds.

Proof Let V (L) be the maximal value of T (l) over all odd primes l ≤ L . From
Theorem 14.2 we see that V (L) � L1/3. Furthermore, all the primes l ≤ L
corresponding to non-supersingular curves must divide the product

Wp(L) =
V (L)∏
t=1

(pt − 1) = exp
(

O(V (L)2 ln p)
)
.
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Thus

Np(L) ≤ ω
(
Wp(L)

) � ln Wp(L)

Ln ln Wp(L)

and we get the desired result.

In particular, the curve y2 = xl + λ, λ ∈ F∗
p is supersingular over Fp for

almost all prime numbers l of the segment [1, L] with

L > ln3 p ln ln p.

This is plain because Np(L) = o(π(L)) for such values of L . Below we im-
prove this result and show that the same holds under a weaker condition (14.2).

It is easy to see that there exists some absolute constant c > 0 such that if
l − 1 = 2r1r2, where r1, r2 ≥ cl1/3 are prime numbers (or if l − 1 = 2r where
r is prime that is widely believed to be true for infinitely many prime l), then
T (l) = 1.

Unfortunately, at the moment we cannot hope to prove that one of the
representations above holds infinitely often. The current best result of [32]
gives the representation l = 2r + 1 or l = 2r1r2 + 1 with r1, r2 ≥ lα for some
α > 1/4 (one can take α = 0.276 . . . , see the proof of Lemma 1, of [32]).
Below we show how to use this result together with Theorem 5.5 to prove that
T (l) = 1 infinitely often.

Theorem 14.5 We have,

lim inf
l→∞

T (l) = 1.

Proof We shall use Lemma 1 of [32] in the following (weakened) form: for
any sufficiently large x , there are at least L(x) � x/ ln2 x primes l ≤ x such
that either l = 2r1r2 +1 where r1, r2 ≥ x1/4 are prime numbers or l = 2r0 +1
where r0 is a prime number. It is enough to show that T (l) = 1 for at least one
such l.
We see that if l is large enough and min{r1, r2} > l3/8 or if l = 2r0 + 1, then
T (l) = 1 because of Theorem 14.2 (since T (l) is odd).
Thus we may assume that all L(x) prime numbers l described above have
l = 2r1r2 + 1 and min{r1, r2} ≤ l3/8. Thus there is a prime r such that
x1/4 ≤ r ≤ l3/8 and r = min{r1, r2} for at least

L(x)

x3/8
� x5/8 ln−2 x

primes l = 2r1r2 + 1 ≤ x . Now let us select k = 3 and U = x5/8/ ln3 x . in
Theorem 5.5. Then for any x large enough, we see that there is a prime l such
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that l = 2r1r2 + 1, r1 ≤ r2, are prime, l3/8 ≥ r1 � x1/4 and

max
gcd(α,l)=1

∣∣∣∣∣r1−1∑
j=0

e(αg j (l−1)/r1
l / l)

∣∣∣∣∣ � r1l1/18
(

r−1/3
1 + x−5/72+ε

)
≤ r1

(
r−1/3

i xl1/18 + l−1/72+ε
)

� r1−1/3+4/18
1 + r1−8/216+8ε/3

1

� r26/27+8ε/3
1 ,

for a sufficiently small ε > 0, where gl is a primitive root modulo l.

Using Lemma 14.1, we obtain that T (l) �= r1.

We also see that r2 = (l − 1)/2r1 � l5/8. Thus from Theorem 14.2 we
conclude that T (l) �= r2 either, provided that x is sufficiently large. Recalling
that T (l) is odd, we see that T (l) = 1.

In fact, it is easy to see that analogously one can prove that T (l) � lε for
almost all primes l. This is a simple corollary of the bound∑

l≤L

T (l)1/2 � L1+ε. (14.1)

Without loss of generality, we may assume that ε < 1/2. Let us fix some t ≥
Lε. Applying Theorem 5.5 with k = ⌊

0.5ε−1
⌋ + 1 and U = L1/2+ε, we see

that for all primes l ≤ L except maybe at most O(L1/2+ε) of them, we obtain
a non-trivial bound (of the form o(t)) of the exponential sums corresponding
to all integers g with multiplicative order t modulo l. Therefore Lemma 14.1
implies that T (l) = t is possible only for those exceptional primes. Thus,

|{l ≤ L : T (l) = t}| = O(L1/2+ε).

Recalling the bound of Theorem 14.2 and taking the sum over all t , we see
that, for some absolute constant C > 0,∑

l≤L

T (l)1/2 =
∑

1≤t≤C L1/3

t1/2|{l ≤ L : T (l) = t}|

� (Lε)1/2L +
∑

Lε≤t≤C L1/3

t1/2L1/2+ε

� L1+ε/2 + L1+ε,

and the bound (14.1) follows.
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Now we show that the curve y2 = xl + λ, λ ∈ F∗
p is supersingular over Fp

for almost all prime numbers l of the segment [1, L] with

L > ln1+ε p (14.2)

which improves the previously mentioned result following from Theorem 14.4.
Indeed, for almost all primes l ≤ L , we have T (l) ≤ Lε/3. Denote

Wp,ε(L) =
∏

1≤t≤Lε

(pt − 1).

Then we have

Np(L) ≤ o(π(L)) + ω
(
Wp,ε/3(L)

) = o(π(L)).

Question 14.6. Is it true that T (l) = O(ln l)?

Now we consider the question about lower bounds of T (l). In particular, we
show that the upper bound of Question 14.6 is actually the best possible (if it
is true, of course).

It is shown in [64] that T (l) ≥ 3 infinitely often. Furthermore, in [64] a
construction was proposed showing that T (l) ≥ r whenever l is a prime of
the form l = (ar − 1)/(a − 1) for any integer a > 2 and odd r > 1 thus
T (l) � ln l for such l. Certainly, we cannot prove that there are infinitely
many such l. Nevertheless, below we prove that

lim sup
l→∞

T (l)

ln l
≥ 1

ln(2 + π/2)
. (14.3)

For real z, we denote by ‖z‖ the distance from z to the nearest integer.

Theorem 14.7 Let h ∈ (0, 1/2). A 1-periodic function ψ(t) such that ψ(t) = 0
for ‖t‖ ≥ h has the Fourier expansion

ψ(t) =
+∞∑

u=−∞
due(ut),

with coefficients satisfying the inequalities

1 = d0 > |du |, |du | � u−2, (14.4)

for all integers u �= 0 and the identity

+∞∑
u=−∞

|du | = B. (14.5)

Let r be a sufficiently large prime. For every integer l with l ≡ 1 (mod r), we
fix an integer gl of multiplicative order r modulo l. Then, for all except at most
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O (Br ) primes l ≡ 1 (mod r), for any real t0, . . . , tr−1 there exists an integer
a, with gcd(a, l) = 1 such that the inequalities

‖ag j
l / l − t j‖ < h, j = 0, . . . , r − 1,

hold.

Proof Let L be an arbitrary set of N = |L| primes l ≡ 1 (mod r). We will
show that for at least one l ∈ L and a with gcd(a, l) = 1, the inequalities of
the theorem hold for j = 0, . . . , r − 1, provided that N is large enough.

For an integer vector u = (u0, . . . , ur−1) ∈ Zr , we denote

L(u) = {l ∈ L : u0 + u1gl + · · · + ur−1gr−1
l ≡ 0 (mod l)},

N (u) = |L(u)|,

ρ(u) =
(

r
r−1∑
k=0

u2
k

)1/2

.

Let us define the numbers u j for all integers j by the equality u j = ui where
i ≡ j (mod l), 0 ≤ i < l. For an integer k, set

u(k) = (u0, uk, . . . , uk(r−1)) ∈ Zr .

Denote by D the diagonal D = {(u, . . . , u) ∈ Zr }. Obviously, L(u) = L for
u ∈ D. Now we show that

r−1∑
k=1

N (u(k)) � r ln ρ(u)/ ln (r ln ρ(u)) (14.6)

for u �∈ D.

Indeed, if l ∈ L(u(k)) for some k ∈ {1, . . . , r − 1}; then the congruence

u0 + u1gk
l + · · · + ur−1gk(r−1)

l ≡ 0 (mod l)

holds. Hence, if |{k : l ∈ L(u(k))}| = s, then the polynomials F(X) = u0 +
u1 X+· · ·+ur−1 Xr−1 and G(X) = 1+X+· · ·+Xr−1 have at least s common
zeros modulo l. Therefore, by Lemma 5.3 their resultant R = Res(F, G) is
divisible by ls . Moreover, because G is an irreducible polynomial and u �∈ D,
we obtain that R �= 0. Thus,

r−1∑
k=1

N (u(k)) ≤ ω(|R|) � ln |R|/Ln ln |R|.
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On the other hand, the Hadamard inequality gives

|R|2 ≤ rr−1

(
r−1∑
k=0

u2
k

)r

≤ ρ(u)2r ,

and (14.6) follows.

Now let ψk(t) = ψ(t − tk) for k = 0, . . . , r − 1, then

ψk(t) =
+∞∑

u=−∞
c(k)u e(ut),

where c(k)u = due(−utk). Clearly,

|c(k)u | = |du | (u ∈ Z; k = 0, . . . , r − 1). (14.7)

Notice that ψk(t) �= 0 only if ‖t − tk‖ < h. We define the quantities

Ql,a =
r−1∏
k=0

ψk(agk
l / l), Q =

∑
l∈L

1

l

l−1∑
a=0

Ql,a .

Obviously, if

Q −
∑
l∈L

1

l
Ql,0 �= 0,

then there exist l ∈ L and a ∈ Z such that Ql,a �= 0 and therefore the
inequalities of the theorem hold for this pair of l and a. So, it is enough to
prove that

|Q| ≤
∑
l∈L

1

l
|Ql,0|

implies

N = O(Br ). (14.8)

For u ∈ Zr , denote

cu =
r−1∏
k=0

c(k)uk
.

We have

1

l

l−1∑
a=0

Ql,a =
∑

u : l∈L(u)

cu.
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We put K = r4 and define the sums σ1, σ2, σ3 as follows

σ1 =
∑
u∈D

N (u)cu,

σ2 =
∑

u�∈D,ρ(u)≤K

N (u)cu,

σ3 =
∑

u�∈D,ρ(u)>K

N (u)cu.

We have

Q =
∑
u∈Zr

N (u)cu = σ1 + σ2 + σ3. (14.9)

Let us consider these three sums separately.
Note that (14.4), for sufficiently large r , implies∑

u �=0

|du |r < 1/2. (14.10)

For the first sum, from (14.7) and (14.10), we see that

σ1 = N

∣∣∣∣∣∑
u∈Z

r−1∏
k=0

c(k)u

∣∣∣∣∣ ≥ N

(
|d0|r −

∑
u �=0

|du |r
)

> N/2. (14.11)

If u �∈ D and ρ(u) ≤ K ; then using (14.6) and recalling the choice of K , we
obtain

r−1∑
k=1

N (u(k)) � r ln K/ ln(r ln K ) � r.

Hence, using (14.7) and (14.5), we derive

(r − 1)σ2 � r
∑
u∈Zr

|du| � r

(∑
u∈Z

|du |
)r

= Brr. (14.12)

To estimate the third sum, we note that ρ(u) ≤ r |uk | for at least one k ∈
{0, . . . , r − 1}, thus (14.6) implies the inequality

N (u) � r ln(r |uk |).
Therefore

σ3 � r
r−1∑
k=0

∑
|u|>Kr−1

∑
u�∈D
uk=u

|cu| ln(r |u|)

≤ r2
∑

|u|>Kr−1

|du | ln(r |u|)
(∑

v∈Z

|dv|
)r−1

.
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Applying (14.5) again, we obtain

σ3 � Br−1r2
∑

|u|>r3

|u|−2 ln |u| � Br . (14.13)

Substituting (14.11), (14.12), and (14.13) in (14.9), we obtain

|Q| ≥ N/2 + O(Br ).

Finally, ∣∣∣∣∣∑
l∈L

1

l
Ql,0

∣∣∣∣∣ ≤ Br
N∑

j=1

1

jr + 1
< (1 + ln N )Br/r.

Thus the condition Q −∑
l∈L

1
l Ql,0 = 0 implies

N/2 ≤ (1 + ln N )Br/r + O(Br ),

and the bound (14.8) holds.

One can verify, see [2], that the following function

ψ(t) =
{

π cos 2π t for ‖t‖ ≤ 1/4;
0 otherwise;

satisfies the condition of Theorem 14.7. Thus we obtain the following
statement.

Theorem 14.8 Let r be a sufficiently large prime. Then, for all except at most
O ((2 + π/2)r ) primes l ≡ 1 (mod r), T (l) ≥ r .

We note that 2 + π/2 = 3.570 . . . .
The known results about distribution of prime numbers in arithmetic pro-

gressions imply that l can be selected such that l ≡ 1 (mod r), T (l) ≥ r , and
l = (2 + π/2)r+O(1). Thus, the inequality (14.3) holds.

The following result shows that selecting l slightly greater (of order r2r+o(r))
we may eliminate the set of exceptional primes.

Theorem 14.9 Let r ≥ 7 and l ≡ 1 (mod r) be prime numbers such that

l > (200 000r + 2)r−1r (2r−3)/2

then T (l) ≥ r .

Proof Let g be any integer number of multiplicative order r modulo l. Put
U = 200 000r + 2. As in the proof of the previous theorem, estimating the
corresponding resultant R = Res(F, G) of polynomials F(X) = u0 + u1 X +
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· · ·+ur−2 Xr−2 and G(X) = 1+ X +· · ·+ Xr−1, we obtain that all non-trivial
solutions of the congruence

u0 + u1g + · · · + ur−2gr−2 ≡ 0 (mod l) (14.14)

satisfy

max
k=0,... ,r−2

|uk | ≥ U. (14.15)

Indeed, because r is prime, R �= 0 therefore |R| ≥ l for any solution of the
congruence (14.14). On the other hand, by the Hadamard inequality,

|R| ≤
(

max
k=0,... ,r−2

|uk |
)r−1

r (2r−3)/2

and (14.15) follows.
Again, for real z, we denote by ‖z‖ the distance from z to the nearest integer.
Let us consider the polynomials

P1(u) =
(

1 − 0.5(u − 0.98)2
)100 000r

,

P2(u) =
∫ u

−1
P1(v) dv,

P3(u) = 25P2(u)/P2(1).

Clearly, P3(−1) = 0, P3(1) = 25, and P3 increases on [−1, 1]. For u ∈
[−1, 0.97] and u ∈ [0.99, 1] we have

P1(u) ≤ (1 − 5 × 10−5)100 000r < e−5r

and for v ∈ [0.979, 0.981],

P1(v) ≥ (1 − 5 × 10−7)100 000r > e−0.06r .

Therefore, P1(v)/P1(u) > e4.9r for such u and v. Further,∫ 0.97

−1
P1(u) du +

∫ 1

0.99
P1(u) du < 1000e−4.9r

∫ 0.981

0.979
P1(v) dv

< 1000e−4.9r
∫ 1

−1
P1(u) du = 1000e−4.9r P2(1)

and

P3(0.97) < 25 000e−4.9r , 25 − P3(0.99) < 25 000e−4.9r .

Thus, for r ≥ 7, we have P3(u) < 25−r for −1 ≤ u ≤ 0.97 and 24 ≤ P3(u) ≤
25 for u ∈ [0.99, 1].
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Consider the trigonometric polynomial Q(t) = P3(cos(2π(t − 1/8))). We
have

0 ≤ Q(t) ≤
{

25, for any t;
25−r , for ‖t − 1/8‖ > 1/24.

(14.16)

We define the quantities

Q A =
r−2∏
k=0

Q(Agk/ l).

Since all non-trivial solutions of the congruence (14.14) satisfy (14.15) and
U > deg Q, we have

(1/ l)
l−1∑
A=0

Q A =
(∫ 1

0
Q(t) dt

)r−1

.

Taking into account that 24 ≤ Q(t) ≤ 25 for ‖t − 1/8‖ ≤ 1/48, we deduce∫ 1

0
Q(t) dt >

∫ 1/8+1/48

1/8−1/48
Q(t) dt ≥ 1.

Hence, Q A > 1 for some A = 1, . . . , l − 1. From (14.16), it follows that

‖Agk/ l − 1/8‖ ≤ 1/24, k = 0, . . . , r − 2

for this A.
Now, it is easy to see that for at least one of the following values of a, a = A,
a = 2A, a = 3A and a = (1 + g + g2)A, all the residues of agk , k =
0, 1, . . . , r − 1, belong to the interval [0, (l − 1)/2]. Indeed, assume that it is
not true for A, 2A, and 3A. Because of the choice of A, the only possible value
of k for which the residues of agk can be outside the interval [0, (l − 1)/2] is
k = r − 1. Obviously, the residue of Agr−1 modulo p belongs to the interval
[l − l/6, l − 1]. For a = (1 + g + g2)A, we have agk = Agk + Agk+1 +
Agk+2. If neither of k, k + 1, k + 2 is congruent to r − 1 modulo r , then the
residue of the last expression is evidently less than 3l(1/8 + 1/24) = l/2. If
k = r − 3, r − 2, r − 1, then the residue of the last expression is between
2l(1/8 − 1/24) − l/6 = 0 and 2l(1/8 + 1/24) = l/3.

Let us mention that the idea used to derive (14.6) and (14.15) is a quantitative
version of quite similar considerations of the proof of Theorem 12 of [63] (see
also Chapter 10 of this book).

Certainly, Theorems 14.8 and 14.9 lead to a non-trivial lower bound of T (l)
for almost all primes l. More precisely, applying a sieve method, one can prove
that for any function ψ(l) → 0, T (l) ≥ (ln l)ψ(l) for almost all primes l. We
remind you that we have seen that T (l) ≤ lε for almost all primes l.
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We believe that both these bounds can be sharpened.

Question 14.10. Is it true that there exist two constants A1, A2 such that for
any ε > 0, (ln l)A1−ε ≤ T (l) ≤ (ln l)A2+ε for almost all prime l?

It is quite possible that one can take A1 = A2 = 1.
It is interesting to find a fast algorithm to compute T (l). Trivially, one can

compute T (l) in time O(l1+ε). It is enough, for each divisor t
∣∣ l − 1, to check

if for some u = 0, . . . , s − 1, all residues gu+sv, v = 0, 1, . . . , t , where
s = (l − 1)/t , belong to the interval [1, (l − 1)/2].

Question 14.11. Find an algorithm to compute T (l) in time O(l1−δ) with
some δ > 0.

In fact very similar results can be obtained for a more general function
Tα,β(l) which is defined as follows.

Let α and β be real numbers, 0 < β−α < 1. For a prime l, let Tα,β(l) be the
largest r with the property that there exists some integer g, gcd(g, l) = 1, with
multiplicative order t modulo l and such that for some a, gcd(a, l) = 1 and for
any x = 0, . . . , t − 1, there exists γ ∈ (α, β) such that agx ≡ γ l (mod l).

Thus

T0,1/2(l) = T (l).

Generalizations of Theorems 14.2 and 14.5 are very straightforward. One
can show that for any fixed α and β, we have

Tα,β(l) = O(l1/3), lim inf
l→∞

Tα,β(l) = 1.

Theorem 14.7 is formulated and proved for the general case as well. The
function

ψ(t) = max

{
h − ‖t‖

h2
, 0

}
shows that for any h < 1/2, we can take B = 1/h in Theorem 14.7. Thus,
taking h = (β − α)/2 we obtain

lim sup
l→∞

Tα,β(l)

ln l
≥ 1

1 − ln(β − α)
.

However we remark that this general construction does not produce the
bound (14.3). Certainly, finding a general construction coinciding with (14.3)
for h = 1/4 would be of great interest.

In fact, the class of functions of Theorem 14.7 can be extended if one uses
some standard ‘smoothing’ technique from [34].
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For a 1-periodic function ψ , we denote by suppψ the closure of the set
{t ∈ [−1/2, 1/2] : ψ(t) �= 0}.

Let 0 < h < 1/2 and let

B(h) = inf
suppψ⊂[−h,h]

{ +∞∑
u=−∞

|du |
}
,

where infimum is taken over all continuous 1-periodic functions ψ such that
suppψ ⊂ [−h, h], and ψ has the Fourier expansion

ψ(t) =
+∞∑

u=−∞
due(ut),

with d0 = 1.

Theorem 14.12 For any α, β with 0 < β − α < 1, the bound

lim sup
l→∞

Tα,β(l)

ln l
≥ 1

ln B ((β − α)/2)
(14.17)

holds.

Proof The proof is based on Theorem 14.7.
Fix an arbitrary ε ∈ (0, 1). By the definition of B(h), there exists a continuous
1-periodic function ψ1 such that suppψ1 ⊂ [−h, h], ψ1 has the Fourier
expansion

ψ1(t) =
+∞∑

u=−∞
d(1)

u e(ut),

with d(1)
0 = 1 and

+∞∑
u=−∞

|d(1)
u | ≤ B(h) + ε.

Let 0 < δ < min(h/2, 1/2 − h). Following [34], we define the function

Vδ(t) = 2#2δ(t) − #δ(t),

where

#δ(t) = max{1 − ‖t‖/δ, 0}.
Let

ψ2(t) = ψ1(t) (1 − Vδ(t − h) − Vδ(t + h)),



14 Supersingular Hyperelliptic Curves 129

and

ψ2(t) =
+∞∑

u=−∞
d(2)

u e(ut).

We have

suppψ2 ⊂ [−h + δ, h − δ]. (14.18)

It is known ([34], Chapter 5) that for any sufficiently small δ,

+∞∑
u=−∞

|d(2)
u − d(1)

u | < ε.

So,

|d(2)
0 | > 1 − ε,

+∞∑
u=−∞

|d(2)
u | < B(h) + 2ε. (14.19)

Let

D = max
u

|d(2)
u |, S = max{u : |d(3)

u | = D},

ψ3(t) = ψ2(t)e(−St)/d(2)
S .

By (14.18) and (14.19), we get

suppψ3 ⊂ [−h + δ, h − δ] (14.20)

and
+∞∑

u=−∞
|d(2)

u | < B(h) + 2ε

1 − ε
. (14.21)

Also, by the choice of D and S,

d(3)
0 = 1 ≥ |du | (14.22)

for all integers u.
Now define

ψ(t) =
∫ 1/2

−1/2
ψ3(s)#δ(t − s)/δ.

By (14.20),

suppψ ⊂ [−h, h]. (14.23)

Let

#δ(t)/δ =
+∞∑

u=−∞
cue(ut),
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and

ψ(t) =
+∞∑

u=−∞
due(ut).

Then, for any u �= 0, we have the inequalities

1 = c0 > |cu |, |cu | � u−2,

and, for any u, we also have

du = d(3)
u cu .

Therefore, taking into account (14.21) and (14.22), we find that the function ψ

satisfies the conditions of Theorem 14.7 with

B <
B(h) + 2ε

1 − ε
.

Now we can use that theorem for t j = (α + β)/2, j = 1, . . . , r , and h =
(β − α)/2.
The known results about distribution of prime numbers in arithmetic progres-
sions imply that l can be selected such that l ≡ 1 (mod r), Tα,β(l) ≥ r , and

l = Br+O(1) <

(
B(h) + 2ε

1 − ε

)r+O(1)

.

Since ε is arbitrarily small, the inequality (14.17) holds.

Unfortunately, we do not know how to extend Theorem 14.9 to the case of
Tα,β(l).

We finish this chapter by mentioning that the problem we considered in this
chapter is a discrete version of the still unsolved 3/2-problem of Mahler [55]
about the existence of η > 0 such that fractional parts {η(3/2)x } < 1/2,
x = 1, 2, . . . . An exhaustive survey of previously known results as well as
many new ones can be found in [15, 87].
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Distribution of Powers of Primitive Roots

Let ϑ be a fixed primitive root modulo p. For 1 ≤ a ≤ p − 1, denote by
Ta,ϑ (N , M, H) the number of solutions of the congruence

aϑ x ≡ M + u (mod p), x = 1, . . . , N , u = 0, . . . , H − 1.

It is easy to see that the Burgess bound of character sums (see Chapter 6 of [52]
for a survey including this and related bounds) immediately infers that there is
an absolute positive constant c such that

Ta,ϑ (N , M, H) = N H/p + O
(

H1−cε2
)

for any H > p1/4+ε.
Then it was proved in [57] that

Ta,ϑ (N , M, H) = N H/p + O(p1/2 ln2 p).

In fact this bound had been known for a long time (see [44, 45, 52, 67, 69, 84]).
It can easily be derived from the following known bound of exponential sums
that

max
1≤a≤p−1

∣∣∣∣∣ N∑
x=1

e(aϑ x/p)

∣∣∣∣∣ � p1/2 ln p. (15.1)

However, in [57], a new method is proposed providing new upper bounds for
the average value

Ra,ϑ (N , H) = 1

p

p−1∑
M=0

(
Ta,ϑ (N , M, H) − N H/p

)2
.

The following bounds are obtained in that paper,

Ra,ϑ (N , H) = N H

p

(
1 + O(H p−1 + N p−1 + p1/2 H N−1 ln3 p)

)
131
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and

Ra,ϑ (N , H) = N H

p

(
1 + O(H p−1 + N p−1 + p1/4+ε H N−3/4

+ p5/8+εN−7/8 + p3/8+ε H N−1)
)

which is stronger than the first one for some values of parameters. Of course
these bounds are much stronger than the considerably more easily proved
bound

Ra,ϑ (N , H) = O(H ln p) (15.2)

holding for every N ≤ p − 1 and H ≤ p. It immediately follows from the
identity (15.6) below if one substitutes the bound (15.1) in it.

These results are motivated by applications to some sorting algorithm,
namely to the QuickSort algorithm using a congruential pseudo-random num-
ber generator [36, 90]. For this application, only the case H N ∼ p is really
important. In fact, for the application mentioned, we need only H = �p/N�.
For such N and H , the first bound is worse than the second one which (together
with (15.2) for N ≤ p3/8) produces

Ra,ϑ (N , �p/N�) =


1 + o(1), if N ≥ p5/7+ε;
O(p5/4+εN−7/4), if p5/7+ε ≥ N ≥ p1/2;
O(p11/8+εN−2), if p1/2 ≥ N ≥ p3/8;
O(p1+εN−1), if p3/8 ≥ N .

(15.3)

It is very plausible that the first asymptotic in (15.3) holds for a wider range of
N . In particular, it is mentioned in [57] that one may expect the same result
for pε ≤ N ≤ p − 1. On the other hand, perhaps it is not an easy matter as
even the very strong Generalized Lindelöf Hypothesis would imply only the
exponent 2/3 in place of 5/7, see [57].

Actually, for the application we have mentioned, only a good lower bound
is needed for the number Ia,ϑ (N , H) of i with 0 ≤ i ≤ p/H − 1 such that
Ta,ϑ (N , i H, H) > 0. Of course, trivially,

min{p/H, N } ≥ Ia,ϑ (N , H) ≥ max{N/H − 1, 0}. (15.4)

We shall show how bounds for the average value Ra,ϑ (N , H), like the two
above, allow us to get better lower bounds for Ia,ϑ (N , H).

First of all, we mention the bound

Ia,ϑ (N , H) = p

H

(
1 + O

(
H p−1 + p2 Ra,ϑ (N , �H/2�)N−2 H−2))

communicated to us by Hugh Montgomery [58].



15 Distribution of Powers of Primitive Roots 133

Indeed, since Ta,ϑ (N , i N , H) = 0 for at least p/H −1− Ia,ϑ (N , H) values
of i with 0 ≤ i ≤ p/H − 1, then evidently Ta,ϑ (N , M, �H/2�) = 0 for at
least 0.5

(
p/H − 1 − Ia,ϑ (N , H)

)
H values of M . Hence

0.5
(

p/H − 1 − Ia,ϑ (N , H)
)

H(N H/p)2 ≤ pRa,ϑ (N , �H/2�).
Taking into account the trivial upper bound Ia,ϑ (N , H) ≤ p/H , we get the
desired result.

Now we can apply any of the bounds above of Ra,ϑ (N , H). For example,
substituting the bounds (15.2) gives the asymptotic result Ia,ϑ (N , H) ∼ p/H
for N 2 H ≥ p2+ε. Unfortunately, when N H ∼ p even (15.3) does not give
anything.

We shall now obtain another lower bound for Ia,ϑ (N , H) in terms of
Ra,ϑ (N , H) which is non-trivial in a wider range of parameters (including
N H ∼ p).

Lemma 15.1. The bound

Ia,ϑ (N , H) + 1 � min

{
p

H
,

N 2 H

pRa,ϑ (N , H)

}
holds.

Proof For simplicity, we suppose that H is even, but it is easy to see that this
is not essential.

Suppose that H > p/10 and Ia,ϑ (N , H) < p/5H − 1, otherwise there is
nothing to prove.

Denote by Ia,ϑ (N , H, t) the set of i with 0 ≤ i ≤ p/H such that
Ta,ϑ (N , i H, H) = t . Because we have included one extra interval (corre-
sponding to i = �p/H�) in our considerations, we see that

Ia,ϑ (N , H) ≤
N∑

t=1

|Ia,ϑ (N , H, t)| ≤ Ia,ϑ (N , H) + 1.

We also have
N∑

t=1

t |Ia,ϑ (N , H, t)| = N .

Let us consider the sums

W1 =
∑

t>4N H/p

t |Ia,ϑ (N , H, t)|, W2 =
∑

t>4N H/p

t2|Ia,ϑ (N , H, t)|.
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We have

W1 ≥ N − 4N H

p

∑
t≤4N H/p

|Ia,ϑ (N , H, t)| ≥ N − 4N H
(
Ia,ϑ (N , H) + 1

)
p

.

Thus from our assumption, we derive

W1 > N/5. (15.5)

If Ta,ϑ (N , i H, H) = t , then either

Ta,ϑ (N , i H, H/2) ≥ t/2

or

Ta,ϑ (N , i H + H/2, H/2) ≥ t/2.

In the first case, we set #i (t) = [i H − H/2, i H − 1], in the second case,
#i (t) = [i H, i H + H/2 − 1]. Note that each residue modulo p belongs to at
most two of the intervals #i (t), i = 0, . . . , �p/H�. In fact, only the intervals
#0(t) and #�p/H�(t) can overlap.
Further, for Ta,ϑ (N , i H, H) = t > 4N H/p and M ∈ #i (t), we have

Ta,ϑ (N , M, H) − N H/p ≥ t/2 − N H/p > t/4.

Obviously, ∑
i∈Ia,ϑ (N ,H,t)

|#i (t)| = 0.5 |Ia,ϑ (N , H, t)|H.

Summing over all t > 4N H/p and M ∈ #i (t), 0 ≤ i ≤ p/H , we obtain

Ra,ϑ (N , H) ≥ 1

2p

∑
t>4N H/p

∑
i∈Ia,ϑ (N ,H,t)

∑
M∈#i (t)

t2/16

≥ H

64p

∑
t>4N H/p

t2|Ia,ϑ (N , H, t)| = H

64p
W2.

From this inequality and from (15.5), we derive

Ia,ϑ (N , H) + 1 ≥
∑

t>4N H/p

|Ia,ϑ (N , H, t)| ≥ W 2
1

W2
� N 2 H

pRa,ϑ (N , H)
,

and the statement follows.

From the above mentioned upper bounds of Ra,ϑ (N , H), we obtain

Ia,ϑ (N , H) + 1

�
{

N , if N ≥ p5/7+ε; N H ∼ p
min{N 2 p−1+ε, pH−1}, if 1 ≤ N ≤ p − 1, 1 ≤ H ≤ p.
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Note that the first bound is the best possible and improves the trivial lower
bound for all allowed values of N and H . The second bound does the same if
N H > p1+ε.

As we have discussed, for applications of these bounds to the mentioned
sorting algorithm, we have to consider the case when N H ∼ p. So the second
bound cannot be useful but the first one allows us to get a partial improvement
of the lower bound of Theorem 4 of [36] (see also Theorem 12.1 of [90]).

Now we propose quite a different method to deal with Ia,ϑ (N , H).

Lemma 15.2. For any integer k ≥ 2, the bound

Ia,ϑ (N , H) + 1 � N p−ε min{p1/k H−1, 1}
min{N 1/k, N 1/k H p−1/k + p1/2k}

holds.

Proof It is easy to see that there exists at least one v, 1 ≤ |v| < N , such that
the congruence

a(ϑ x+v − ϑ x ) ≡ y (mod p),
max{1, −v} ≤ x ≤ min{N , N − v}, 1 ≤ y < H,

has at least

J � N

Ia,ϑ (N , H)
+ 1

solutions.
Let h ≡ a(ϑv − 1) (mod p), 1 ≤ h ≤ p, then there exists a subset S ⊆
{1, . . . , H} containing J elements such that any element of S is congruent to
ϑ x h (mod p) for some x, 1 ≤ x ≤ N . Since any t has O(pε) representations
in the form s1 . . . sk, s1, . . . , sk ∈ Z, the set

T = {s1 . . . sk : s1, . . . , sk ∈ S}
contains at least K � J k p−ε elements of the interval [1, Hk]. Therefore, T
contains at least

L � K min{1, p/Hk} � N k Ia,ϑ (N , H)−k p−ε min{1, p/Hk}
different residues modulo p. On the other hand, any element of T is congruent
to ϑ x hk for some x with 1 ≤ x ≤ k N , thus L ≤ k N . Also, evidently L ≤
Ta,ϑ (N , Hk, 1), hence

L � min{N , N Hk/p + p1/2+ε}
and we have the required estimate for Ia,ϑ (N , H).
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The above mentioned upper bounds on Ra,ϑ (N , H) together with Lem-
mas 15.1 and 15.2 imply the following improvement of the trivial lower
bound (15.4).

Theorem 15.3 For sufficiently large p, the bounds

Iϑ(N , �p/N�) �


N , if N ≥ p5/7+ε;
N 11/4 p−5/4−ε, if p4/7 ≤ N < p5/7+ε;
N p−1/4−ε, if p1/2 ≤ N < p4/7;
N 3/2 p−1/2−ε, if p1/3+ε ≤ N < p1/2;

hold.

To get this result, we combine Lemma 15.1 and the bound (15.3) (for the
first and the second estimates) and use Lemma 15.2 with k = 2 (for the third
and fourth estimates).

Question 15.4. Can these three different approaches shown above be com-
bined in one bound which supersedes the previous ones?

Although we have improved the trivial lower bound (15.4) for N ≥ p1/3+ε,
unfortunately only results concerning values N ≥ p3/5 are applicable to the
QuickSort algorithm.

Indeed, it is shown in [36, 90] that the lower bound of the expected running
time of the ‘pseudo-randomized’ QuickSort algorithm is of the form

$
(

Ia,ϑ (N , �p/N�)N 2 p−1 + N ln N
)
.

So, if we wish to obtain the running time of order N ln N (that is, the
running time which is expected with the QuickSort algorithm using ideal
random numbers), we have to use a generator modulo p of order at least
N 5/3 while the trivial estimate (15.4) gives N 3/2 and the hypothetical bound
Ia,ϑ (N , �p/N�) � N would imply p � N 2 (everywhere up to some slower
growing terms). Below we show that we really need p of this order for almost
all initial values a = 1, . . . , p − 1 but firstly we consider the situation when
the primitive root ϑ is taken at random. The question of estimating the average
value

ρa(N , H) = 1

ϕ(p − 1)

∑
ϑ

Ra,ϑ (N , H)

over all ϕ(p − 1) primitive roots ϑ is mentioned in [57] where a hope is ex-
pressed that for ρa(N , H), a good estimate or even an asymptotic formula can
be obtained for essentially smaller values of N than is needed for individual
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values of Ra,ϑ (N , H). It turns out that it can really be done for the values of
N ≤ p1/4−ε.

We need the following lemma which is formulated in a much more general
form than is necessary for our purpose.

Lemma 15.5. For any non-constant polynomial f ∈ F∗
p[x] of degree n > 0,

the bound ∣∣∣∣∣∑
ϑ

e ( f (ϑ)/p)

∣∣∣∣∣ ≤ 2ω(p−1)np1/2

holds, where the sum is taken over all ϕ(p − 1) primitive roots ϑ modulo p.

Proof Let us fix a primitive root g modulo p. Then∑
ϑ

e ( f (ϑ)/p) =
∑
t=1

gcd(t,p−1)=1

e
(

f (gt )/p
)
.

Using the following known property:

∑
d|m

µ(d) =
{

1, if m = 1;
0, if m ≥ 2;

of the Möbius function µ(k) we obtain

∑
ϑ

e ( f (ϑ)/p) =
p−1∑
m=1

∑
d|m

µ(d)
p−1∑
t=1

gcd(t,p−1)=m

e
(

f (gt )/p
)

=
∑

d|p−1

µ(d)
p−1∑
m=1,
d|m

p−1∑
t=1

gcd(t,p−1)=m

e
(

f (gt )/p
) = ∑

d|p−1

µ(d)
p−1∑
t=1
d|t

e
(

f (gt )/p
)

=
∑

d|p−1

µ(d)

d

p−1∑
t=1

e
(

f (gdt )/p
)
=

∑
d|p−1

µ(d)

d

p−1∑
x=1

e
(

f (xd)/p
)
.

The Weil bound (see Chapter 5 of [52]) entails that each inner sum does not
exceed dnp1/2, therefore,∑

t=1
gcd(t,p−1)=1

e
(

f (gt )/p
) ≤ deg f p1/2

∑
d|p−1

|µ(d)|.

The last sum is the number of square free divisors of p − 1 which equals
2ω(p−1).
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Theorem 15.6 The bound

ρa(N , H) = N H p−1 + O(N H2 p−2 + N 3 H p−3/2+ε)

holds.

Proof Applying standard arguments, we get

Ta,ϑ (N , M, H) − N H

p
= 1

p

p−1∑
α=1

N∑
x=1

e(aαϑ x/p)
M+H−1∑

u=M

e(−αu/p)

= 1

p

p−1∑
α=1

e(−αM/p)

×
N∑

x=1

e(aαϑ x/p)
H−1∑
u=0

e(−αu/p).

Therefore,

Ra,ϑ (N , H) = 1

p3

p−1∑
α,β=1

N∑
x,y=1

e
(
a(αϑ x − βϑ y)/p

)
×

H−1∑
u,v=0

e ((βv − αu)/p)
p−1∑
M=0

e ((β − α)M/p).

The inner sum is 0 if α �≡ β (mod p) and equals p otherwise. Hence

Ra,ϑ (N , H) = 1

p2

p−1∑
α=1

∣∣∣∣∣ N∑
x=1

e(aαϑ x/p)

∣∣∣∣∣
2 ∣∣∣∣∣H−1∑

u=0

e(αu/p)

∣∣∣∣∣
2

. (15.6)

From Lemma 15.5, we find

∑
ϑ

∣∣∣∣∣ N∑
x=1

e(aαϑ x/p)

∣∣∣∣∣
2

=
N∑

x,y=1

∑
ϑ

e
(
aα(ϑ x − ϑ y)/p

)
= Nϕ(p − 1) +

N∑
x,y=1
x �=y

∑
ϑ

e
(
aα(ϑ x − ϑ y)/p

)
= Nϕ(p − 1) + O(2ω(p−1)N 3 p1/2).
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Combining this inequality and (15.6), we obtain

ρa(N , H) = 1

ϕ(p − 1)p2

p−1∑
α=1

∑
ϑ

∣∣∣∣∣ N∑
x=1

e(aαϑ x/p)

∣∣∣∣∣
2 ∣∣∣∣∣H−1∑

u=0

e(αu/p)

∣∣∣∣∣
2

≤ Nϕ(p − 1) + O(2ω(p−1)N 3 p1/2)

ϕ(p − 1)p2

p−1∑
α=1

∣∣∣∣∣H−1∑
u=0

e(αu/p)

∣∣∣∣∣
2

= Nϕ(p − 1) + O(2ω(p−1)N 3 p1/2)

ϕ(p − 1)p2
(pH − H2).

Thus, after simple evaluations, taking into account that 2ω(p−1) p/ϕ(p − 1) =
O(pε) we obtain the assertion.

Therefore if N H ∼ p, Theorem 15.6 implies ρa(N , H) ∼ 1 for pε ≤ N ≤
p1/4−ε (and of course for N ≥ p5/7+ε because of Theorem 15.3).

From Lemma 15.1 and Theorem 15.6, we see that

Ia,ϑ (N , H) � min{N , p/H, p1/2−εN−1}
for all but δϕ(p − 1) primitive roots ϑ , for any fixed δ > 0. Since Ia,ϑ (N , H)

is an increasing function of N for fixed H , we find that

Ia,ϑ (N , �p/N�) �
{

N , if N < p1/4−ε;
p1/4−ε if N ≥ p1/4−ε

for all but δϕ(p − 1) primitive roots ϑ , for any fixed δ > 0. It improves
Theorem 15.3 for any N ≤ p1/2−ε. Unfortunately, it does not include any new
results for the QuickSort algorithm.

Of course, it would be very interesting to fill the gap between p1/4−ε and
p5/7+ε.

Question 15.7. Prove the asymptotic formula ρa(N , H) ∼ N H/p for any
N ≥ pε.

Finally, we observe that similar considerations allow us to evaluate explicitly
the average values of Ra,ϑ (N , H) over a = 1, . . . , p − 1,

1

p

p−1∑
a=1

Ra,ϑ (N , H) = N H
(p − N )(p − H)

p3
.

Indeed, to get it, we use the identity

p−1∑
α=1

∣∣∣∣∣ N∑
x=1

e(αϑ x )

∣∣∣∣∣
2

= N (p − N )
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instead of Lemma 15.5 in the proof of Theorem 15.6. Therefore,

Ia,ϑ (N , �p/N�) ≥ N p−ε

for all but possibly at most O(p1−ε) values a = 1, . . . , p − 1. Thus for all
but possibly at most O(p1−ε) values a = 1, . . . , p − 1 the complexity of the
corresponding QuickSort algorithm is $(N 3 p−1−ε+N ln N ) and to obtain the
desired order N ln N , we necessarily should select p of order at least N 2−ε.



Part seven

Applications to Coding Theory and
Combinatorics
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Difference Sets in Vp

In this chapter we consider some multiplicative properties of difference sets,
that is, sets of the form

D = {a − b : a, b ∈ S}
where S is a certain set.

In [49], Hendrik Lenstra considers the largest integer M such that there
exists a set $ = {ω1, . . . , ωM } ⊆ ZK with

ωi − ω j ∈ U, 1 ≤ i, j ≤ M, i �= j,

where U is the unit group of K. Denote this largest M by M(K). If M(K) is
large enough, then K is Euclidean. Hendrik Lenstra also obtains some upper
and lower bounds for M(K).

The same functions M(K, V ) can be defined with respect to any finitely
generated multiplicative group V of K. But in this more general setting, it is
not quite clear how to apply the method of [49] (see also [48, 65, 70]) to obtain
upper and lower bounds for M(K, V ).

It is interesting to note that these functions M(K, V ) are related to a question
about the cycles in polynomial mappings over algebraic number field (see
Chapter 12 of [66]).

Here we consider an analogue of these functions modulo an integer ideal q.
Define M(K, V, q) as the largest integer M such that there exists a set

$ = {ω1, . . . , ωM } ⊆ 
q

with

ωi − ω j ∈ Vq, 1 ≤ i, j ≤ M, i �= j. (16.1)

In particular, it follows from the definition that if −1 �∈ Vq, then M(K, V, q) =
1.

143
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We obtain an upper bound for M(K, V, p) for prime ideals p. Using this
bound and the trivial inequality M(K, V ) ≤ M(K, V, p), for an appropriate
prime ideal p, one may get an upper bound for M(K, V ).

Theorem 16.1 Let K have at least one principal unit. If Vp = 
∗
p, then

M(K, V, p) = Nm(p). Otherwise

M(K, V, p) ≤
{

2 Nm(p)1/2 + 2, for any p,

4|Vp|2/3 + 2, if p is of first degree.

Proof The statement is trivial if Vp = 
∗
p. In the other case, we have |Vp| ≤

|Nm(p)|/2, because Vp is a subgroup of 
∗
p. Furthermore, suppose that for

some set

$ = {ω1, . . . , ωM } ⊆ 
p,

we have (16.1). Then the congruence

ωi − ω j ≡ u (mod p), u ∈ Vp, 1 ≤ i, j ≤ M,

has exactly N = M(M − 1) solutions.
By using the same considerations as in the proof of Lemma 9.2, one sees that∣∣N − M2|Vp|/Nm(p)

∣∣ ≤ M Nm(p)1/2.

On the other hand,

N − M2|Vp|/Nm(p) ≥ M(M − 1) − M2/2 = M(M/2 − 1)

and the first bound follows.
To derive the second bound, we mention that for a = ω2 −ω1 there are at least
M(K, V, p) − 2 representations a ≡ u + v (mod p) (where p = Nm(p)) with
u = ω2 − ω j ∈ Vp, v = ω j − ω1 ∈ Vp, j = 3, . . . , M(K, V, p). Thus if

|Vp| ≤ p − 1

(p − 1)1/4 + 1
,

then from (3.8) we obtain M(K, V, p) ≤ 4|Vp|2/3 + 2 (for larger |Vp| the first
bound is stronger).

It is also evident that the same considerations which we have used for prime
ideals of first degree imply M(K, V, q) ≤ |Vq| + 1 for any integer ideal q.

Theorem 16.1 is based on the bound (3.8) on the cardinality of the set

Sa = {x : x ∈ Vp, a − x ∈ Vp}.
For the problem considered in this chapter, it would be useful to generalize this
result.
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Question 16.2. Obtain an upper bound on the cardinality of the set

Sab = {x : x ∈ Vp, a − x ∈ Vp, b − x ∈ Vp},

where a, b are distinct elements from 
p, which is stronger than the bound
which follows from (3.8).

In the case where K = Q, q = q is a rational integer and Vq is the set
of quadratic residues modulo q, this function has been considered in [14]. In
particular, if K = Q and p = p is a rational prime, a lower bound of order
ln p holds (see Theorem 3 of [14]). For groups of large size |Vp| (of order
Nm(p), say ) it can be extended to the case of M(K, V, p) as well. However,
for smaller |Vp| (of order Nm(p)1−ε, say) the approach of that paper does not
work. We assume that actually M(K, V, p) is bounded for such ‘small’ groups.

Question 16.3. Is it true that for any ε > 0, there is a constant C(ε) such that
M(K, V, p) ≤ C(ε) for |Vp| < Nm(p)1−ε?

At the moment we can only prove that for K = Q, there are infinitely many
primes p and groups V with |Vp| > cp1/3 where c > 0 is an absolute constant
and such that M(Q, V, p) = 2.

Indeed, it is similar to the proof of Theorems 5.5 and 14.7. Let r ≥ 5 be a
prime and let Wp be a subgroup of F∗

p of cardinality |Wp| = r and let Vp =
Wp∪−Wp. Evidently, −1 �∈ Wp thus |Vp| = 2r . If M(K, V, p) > 2 (where V
is obtained from Vp by lifting), then v1 +v2 +v3 = 0 for some v1, v2, v3 ∈ Vp

and hence u+w+1 = 0 for some u, w ∈ Vp. At least one of u and w, say w, is
not equal to ±1 and thus is of multiplicative order r or 2r . Therefore u = ±wk

with some integer k, 0 ≤ k ≤ 2r − 1. So, we have ±wk +w + 1 ≡ 0 (mod p)
and w2r − 1 ≡ 0 (mod p). Therefore p is a factor of the resultant Rr,k of
polynomials x2r − 1 and 1 + x ± xk with some 0 ≤ k ≤ 2r − 1. First of all,
we show that Rr,k �= 0. Indeed, if Rr,k = 0, then for some 2r th root of unity
ρ we have |1 + ρ| = |ρk | = 1. Simple geometric arguments show that the
only possibility is ρ = e(±1/3) which is impossible since r ≥ 5. On the other
hand, we evidently have ln |Rr,k | = O(r). Therefore, the number of primes
p dividing Rr,k is O(r/ ln r), for every k = 0, . . . , 2r − 1. Thus the number
of acceptable primes p (that is, primes with M(K, V, p) > 2) does not exceed
Cr2/ ln r with some absolute constant C > 0. It follows from Theorem 2.1
of [1] that there are infinitely many primes r for which the number of primes
p such that p ≡ 1 (mod r) and p < 4Cr3 is greater than Cr2/ ln r . Hence for
at least one p < 4Cr3 we have M(Q, V, p) = 2.
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We also remark that if |Vp| is divisible by 6, then M(K, V, p) ≥ 3. Indeed,
if v ∈ Vp is of multiplicative order 6, then 1+v2 ≡ v (mod p), thus {0, 1,−v2}
is such a difference set.

On the other hand, for the case K = Q one can state that if |Vp| ≥ 4 is not
divisible by 6 and

Nm(p) > 6|Vp|/4,

then M(K, V, p) ≤ 2.
To prove this inequality, we denote p = Nm(p), t = |Vp|. As we have

remarked, if −1 �∈ Vp, then M(K, V, p) = 1. Therefore we can assume that
t is even. Let g be an element of Vp of order t , thus gt/2 + 1 ≡ 0 (mod p).
Assume that M(K, V, p) ≥ 3. This gives the solvability of the congruence
g A+gB ≡ gC (mod p) for some integers A, B,C . Taking residues of A, B,C
modulo t/2, we can easily deduce the existence of non-negative integers a, b
such that a < t/2, b < t/2 and 1 ± ga ± gb ≡ 0 (mod p). If there are two
equal numbers among 0, a, b, then 2 ∈ Vp and 2t − 1 ≡ 0 (mod p). Therefore
either 2t/2 − 1 ≡ 0 (mod p) or 2t/2 + 1 ≡ 0 (mod p) which is not possible
because p > 6t/4 ≥ 2t/2 + 1. Now we assume, that 0, a, b are distinct. The
resultant of the polynomials P(z) = zt/2 + 1 and Q(z) = 1 ± za ± zb (both
of degree at most t/2) is divisible by p. On the other hand, this resultant is not
equal to zero, because t �≡ 0 (mod 6), and does not exceed 6t/4. This proves
the statement.

By similar but technically more complicated reasons, one can show that
M(K, V, p) ≤ 3 for p > Ct where C > 1 is a constant (even if t is divisible
by 6).

It is interesting to note that a question about the size of M(K, V, p) arises in
algebraic combinatorics as well [53] (at least when Vp is the group of quadratic
residues). In particular, Lemma 10.4.16 of [53] provides a construction
showing that the square root bound of Theorem 16.1 is actually the best
possible for general p and V . This construction is so elegant that we present it
here.

Let p be a prime ideal of even degree, Nm(p) = p2m > 4. Then each
element of F∗

pm is a quadratic residue of 
p � Fp2m . Thus, the set $ =
Fpm shows that M(K, Q, p) ≥ Nm(p)1/2 where Q is a group generated by
quadratic residues modulo p.

Now, for a set

$ = {ω1, . . . , ωM } ⊆ ZK,

we consider the directed graphs G($, V ) and G($, V, q) which have M
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vertices labeled by ω1, . . . , ωM , such that vertices ωi and ω j are connected
if and only if ωi − ω j ∈ V and ωi − ω j ∈ Vq, respectively.

Obviously, M(K, V ) and M(K, V, p) are just the maximal values of M such
that there exist sets $ with |$| = M for which the graphs G($, V ) and
G($, V, p) are each M-vertex complete graphs, respectively. Various other
problems concerning graphs G($, V ) are dealt with in [29, 30].

Question 16.4. Obtain analogues of results of papers [29, 30] for graphs
G($, V, p).

Then it is easy to see that the question about the diameter of the graph
G(
p, V, p) can be reformulated as a variant of the Waring problem for Fq ,
where q = Nm(p), for the power s = (Nm(p) − 1)/|Vp|. For the first time,
it was apparently remarked in [18]. A survey of known results can be found
in [41] and in Section 5.1 of [84]. The majority of these results deal with the
particular case of a prime field (that is, when p is a prime ideal of first degree).

Question 16.5. Study graphs G($, V, q) for arbitrary integer ideals q.
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Dimension of BCH Codes

Here we show how our methods can be applied to the study of one of the most
attractive and widely usable codes, namely BCH codes.

We start this chapter by recalling some definitions [5, 54].
Let q be a power of a prime and let n be an integer with gcd(n, q) = 1 such

that q is of multiplicative order t modulo n.
Then Fqt contains an element α ∈ F∗

qt of multiplicative order n. Let l be
an integer. To construct a BCH code with constructive distance # we consider
the polynomial g over Fq of the smallest degree such that

g
(
αl+y

)
= 0, y = 1, . . . , # − 1,

and consider the cyclic code of length n with g as the generator polynomial,
that is the linear space of dimension k = n − deg g of n-dimensional vectors
(a0, . . . , an−1) ∈ Fn

q such that

a0 + a1 Z + · · · + an−1 Zn−1 ≡ 0 (mod g(Z)).

Generally, for every code, there are three parameters of interest: the length,
the minimal distance and the dimension. For a BCH code, the length n is
given, the minimal distance d is at least the constructive distance # (and this
bound is known to be tight in many cases [5, 54]). The question about the
dimension is more interesting. Of course, t ≤ deg g ≤ Dt , thus the dimension
n − t ≥ k ≥ n − (# − 1)t . To get something stronger one should study the
structure of the roots of g in more detail.

First of all, we make an observation that all roots of g are powers of α

because trivially

g(Z)
∣∣ #−1∏

y=1

t∏
x=1

(
Z − α(l+y)qx

)
.

148



17 Dimension of BCH Codes 149

We also remark that α j is a root of g if and only if

jqx ≡ l + y (mod n),

for some x = 1, . . . , t and y = 1, . . . , # − 1.
Let us denote by J (q, n,#) the maximal dimension of q-ary generalized

BCH codes of length n and of designed distance # taken over all l =
0, . . . , n−1. Then we see that for some integer l, J (q, n,#) equals the number
of j = 0, 1, . . . , n − 1 for which the congruence

jqx ≡ l + y (mod n), x = 1, . . . , t, y = 1, . . . , #, (17.1)

is not solvable.
Thus the original question has been reduced to a question about the dis-

tribution of values of an exponential function to which our technique can be
applied.

The bound

J (q, n,#) ≤ 3n3

(# − 1)2t1/2

is stated in [80]. For a wide range of parameters, it has been improved in [84]
to

J (q, n,#) ≤ 24n5

(# − 1)4t
.

Both these results are based on some bounds of exponential sums with expo-
nential functions. Here we obtain a further improvement. The method we use
is a modification of that used in the proof of Theorem 13.1.

For a divisor d of n denote by td the multiplicative order of q modulo d (thus
t = tn). The following statement is Lemma 3 of [80].

Lemma 17.1. For any d
∣∣ n, the bound tn/d ≥ t/d holds.

Lemma 17.2. For any integers a, b, the congruence

aqx ≡ bq y (mod n), 1 ≤ x, y ≤ t

is solvable only when gcd(a, n) = gcd(b, n) = d, and in this case for the
number of solutions N (a, b), the bound

N (a, b) ≤ td

holds.

Proof As gcd(q, n) = 1, the condition on a and b is evident. Also it is
evident that for any fixed x , there are at most t/tn/d possible values for y,
hence N (a, b) ≤ t2/tn/d ≤ td because of Lemma 17.1.
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We define the sums

T (a, h) =
h∑

u=1

e(au/n), Wd(h) =
∑

gcd(a,n)=d

|T (a, h)|2,

where d is a divisor of n, d
∣∣ n.

Lemma 17.3. For any d
∣∣ n with d < n, the bound

Wd(h) ≤ nh/d

holds.

Proof Let m = n/d. Then as in [80] we have

Wd(h) ≤
n/d−1∑

a=1

|T (ad, h)|2 = mM − h2,

where M is the number of solutions of the congruence

u ≡ v (mod m), 1 ≤ u, v ≤ h.

If we express h in the form h = km + r with 0 ≤ r ≤ m − 1, then clearly,
M = r(k + 1)2 + (m − r)k2 = k2m + 2kr + r . Therefore

Wd(h) ≤ mM − h2 = k2m2 + 2kmr + mr − h2

= (h − r)2 + 2r(h − r) + mr − h2 = r(m − r).

Taking into account that r ≤ h, we obtain the desired statement.

Theorem 17.4 The bound

J (q, n,#) ≤ 4n3

(# − 1)2t

holds.

Proof Let h = �#/2� and let N j denote the number of solutions of the
congruence

jqx ≡ l + h + u − v (mod n), x = 1, . . . , t, u, v = 1, . . . , h.

It is evident that J (q, n,#) ≤ |I(q, n,#)| where I(q, n,#) is the set of j =
0, 1, . . . , n − 1 for which this congruence is unsolvable, that is, N j = 0.
Set

S(a) =
t∑

x=1

e(aqx/n).
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Clearly, N j = th2/n + R j/n where

R j =
n−1∑
a=1

S(aj)|T (a, h)|2e(−a(l + h)/p).

Let us consider

R =
n−1∑
j=0

R2
j .

We have

R =
n−1∑
j=0

n−1∑
a,b=1

S(aj)S(bj)|T (a, h)|2|T (b, h)|2e (−(a + b)(l + h)/p)

=
n−1∑

a,b=1

|T (a, h)|2|T (b, h)|2e (−(a + b)(l + h)/p)
n∑

j=0

S(aj)S(bj).

Then,

n−1∑
j=0

S(aj)S(bj) =
t∑

x,y=1

n−1∑
j=0

e
(

j (aqx + bq y)/n
) = nN (a,−b).

For all divisors d
∣∣ n we gather together all terms corresponding to a and b with

gcd(a, n) = gcd(b, n) = d. Applying Lemma 17.2, we obtain

R = n
∑
d | n
d<n

∑
gcd(a,n)=d
gcd(b,n)=d

|T (a, h)|2|T (b, h)|2 N (a,−b)e ((a + b)(l + h)/p)

≤ nt
∑
d | n
d<n

dWd(h)
2 ≤ nt max

d | n
d<n

dWd(h)
∑
d | n
d<n

Wd(h).

From Lemma 17.3 and the identity∑
d | n
d<n

Wd(h) =
n−1∑
a=1

|T (a, h)|2 = nh − h2

we derive

R ≤ n3h2t.

Since R j = −h2t for j ∈ I(q, n,#) then

|I(q, n,#)|h4t2 =
n−1∑
j=0

R2
j ≤ n3h2t.

Taking into account that h ≥ (# − 1)/2, we obtain the result.
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For certain values of parameters, the following statement provides a sharper
bound.

Theorem 17.5 The bound

J (q, n,#) ≤ 2e1/2n1−αq (δ)

holds, where δ = (# − 1)/n and

αq(δ) = δ

2 ln(3q/δ)
.

Proof Let J be the half open interval

J =
[

l + 1

n
,

l + #

n

)
,

if l + # ≤ n, and let J be the union of the intervals[
l + 1

n
, 1

)
and

[
0,

l + # − n

n

)
,

if l + # > n. That is, in both cases J is a half open interval of length (# −
1)/n = δ taken modulo 1.
Denote

r = ⌊
logq(3/δ)

⌋+ 1,

thus δqr > 3. Let us define the set

K =
{

k :

[
k

qr
,

k + 1

qr

)
⊂ J

}
.

The cardinality of this set s = |K| satisfies the inequality

s ≥ ⌊
δqr⌋− 1 ≥ 0.5δqr . (17.2)

We see that if for some j the congruence (17.1) is unsolvable, then the q-
ary expansion of j/n cannot contain the q-ary expansion of any k ∈ K as a
substring (which is considered to be of the same length r , adding if necessary
several zeros to the beginning).
Let us denote

m =
⌊

r−1 logq n
⌋
, T = mr.

Now we observe that the number of fractions j/n, j = 1, . . . , n, such that
the strings formed by the first T digits of their q-ary representations coincide,
does not exceed

⌊
n/qT

⌋+ 1.
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To estimate J (q, n,#), we count the number N of strings of length T
satisfying the following condition: for any i = 0, . . . ,m − 1, the substring
formed by elements which stay on the positions

ir + 1, . . . , (i + 1)r

differs from all s strings of length r , corresponding to elements of K. Obvi-
ously, N = (qr − s)m . Therefore,

J (q, n,#) ≤
(⌊

n/qT
⌋
+ 1

)
N ≤ 2nq−T (qr − s)m

= 2n

(
qr − s

qr

)m

≤ 2n exp
(−msq−r ).

From (17.2) we see that

J (q, n,#) ≤ 2n exp (−0.5δm).

From the obvious inequality

r < logq(3/δ) + 1 = logq(3q/δ),

we see that

m ≥ logq n

r
− 1 ≥ logq n

logq(3q/δ)
− 1 = ln n

ln(3q/δ)
− 1,

and the assertion follows.

Previously such bounds were known for primitive BCH codes only [5, 54].

Question 17.6. Obtain upper bounds of J (q, n,#) in terms of the actual code
distance rather than in terms of the designed distance.
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An Enumeration Problem in Finite Fields

For an integer n > 1 and a prime p, denote by Nn,p(a) the number of solutions
of the equation

p−1∑
z=1

ϑz zn ≡ a (mod p),

in binary vectors (ϑ1, . . . , ϑp−1) ∈ {0, 1}p−1.
It is proved in [71] that the estimate

Nn,p(a) = 2p−1 p−1 + exp
(

O(np1/2 ln p)
)

holds.
Evidently the previous result is non-trivial for n of order at most p1/2 ln−1 p.

This bound has been improved in [83]. Using (3.20), we obtain the following
results which improves [71, 83].

Theorem 18.1 The bound

|Nn,p(a) − 2p−1 p−1| ≤


exp

(
O(np1/2 ln p)

) ; if n ≤ p1/3;
exp(O(n5/8 p5/8 ln p)); if p1/3 ≤ n ≤ p1/2;
exp(O(n3/8 p3/4 ln p)); if p1/2 ≤ n ≤ p2/3;

holds.

Proof Let us define

P(n, p) = max
α=1,... ,p−1

∣∣∣∣∣
p−1∏
z=1

(
1 + e(αzn/p)

)∣∣∣∣∣.
154
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One sees that

Nn,p(a) = 1

p

p−1∑
α=0

∑
(ϑ1,...,ϑp−1)∈{0,1}p−1

e

(
α

(
p−1∑
z=1

ϑz zn − a

)
/p

)

= 2p−1 p−1 + 1

p

p−1∑
α=1

∑
(ϑ1,...,ϑp−1)∈{0,1}p−1

e

(
α

(
p−1∑
z=1

ϑz zn − a

)
/p

)

= 2p−1 p−1 + 1

p

p−1∑
α=1

e(−aα/p)
p−1∏
z=1

(
1 + e(αzn/p)

)
.

Therefore,

|Nn,p(a) − 2p−1 p−1| ≤ P(n, p). (18.1)

Now we are going to estimate P(n, p) in terms of the largest value of the
Gaussian sums Gn(p) which is defined by (3.19).
For N complex numbers z1, . . . , zN on the unit circle, |z1| = · · · = |zN | = 1,
we define

P = max
|z|=1

∣∣∣∣∣ N∏
k=1

(z + zk)

∣∣∣∣∣ , S = max
ν=1,...,N

∣∣∣∣∣ N∑
k=1

zνk

∣∣∣∣∣ .
Let σi be the i th elementary symmetric function of z1, . . . , zN ; σ0 = 1. Using
Newton’s formulas

σi = 1

i

i∑
j=1

(−1) j−1σi− j

N∑
k=1

z j
k , i = 1, . . . , N ,

it is easy to prove by induction on i that

|σi | ≤ S

i

i−1∏
m=1

(1 + S/m); i = 1, . . . , N .

Hence,

P ≤
N∑

i=0

|σi | ≤ 1 +
N∑

i=1

S

i

i−1∏
m=1

(1 + S/m)

=
N∏

m=1

(1 + S/m) = exp

(
N∑

m=1

ln(1 + S/m)

)
.

From the Stirling formula, we derive that∑
1≤m≤S

ln(1 + S/m) ≤ S ln(2S) −
∑

1≤m≤S

ln m = O(S).
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Also, we have ∑
S<m≤N

ln(1 + S/m) = O (S Ln(N/S)).

Therefore

P ≤ exp (O(S Ln(N/S))). (18.2)

Taking N = p − 1, zk = e(kn/p), k = 1, . . . , p − 1, from (3.20) and (18.1)
we obtain the desired result.

We remark that in the proof of Theorem 18.1 we use the bound (18.2) in a
simplified form P ≤ exp (S Ln N ). Applying this bound in the full strength
one can obtain slightly sharper results.

For larger values of n, a weaker but still non-trivial result follows from
the estimate (4.1). We also note that the method we used in the proof of
Theorem 18.1 requires a bound of Gn(p) which is at least ln p times better
than the trivial one. In the following theorem we derive another inequality
which produces a non-trivial estimate of Nn,p(a) from very weak estimates of
Gn(p).

Theorem 18.2 For any ε > 0 and

p > n ln n(ln ln n)−1+ε,

the bound

Nn,p(a) = 2p−1 p−1
(

1 + O
(
exp(−c(ε)p ln−1+ε p)

))
holds, where c(ε) > 0 depends on ε only.

Proof For any complex numbers z, z1, . . . , zN on the unit circle, |z| = |z1| =
· · · = |zN | = 1, we have∣∣∣∣∣ N∏

k=1

(z + zk)

∣∣∣∣∣
2

= 2N
N∏

k=1

[1 + �(zzk)]

≤ 2N

(
1

N

N∑
k=1

[1 + �(zzk)]

)N

≤ 2N

(
1 + 1

N

∣∣∣∣∣ N∑
k=1

zk

∣∣∣∣∣
)N

.

From the bounds (4.1) and (18.1) and the previous inequality, we obtain the
second statement of the theorem.

Finally, we remark that some interesting lower bounds for P(n, p) have
recently been found in [4].
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